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PREFACE 


The use of the differential geometry of a Riemanman space 
m the mathematical formulation of recent physical theories 
led to important developments m the geometry of such spaces. 
The concept of parallelism of vectors, as introduced by Levi- 
Civira, gave rise to a theory of the affine properties of a 
Riemannian space. Covariant differentiation, as developed 
by Christoffel and Ricci, is a fundamental process in this 
theory. Various writers, notably Eddington, Einstein and 
Weyl, in their efforts to formulate a combined theory of 
gravitation and electromagnetism, proposed a simultaneous 
generalization of this process and of the definition of paral- 
lelism. This generalization consisted in using general functions 
of the coordinates m the formulas ot co valiant differentiation 
in place of the Christoffel symbols formed with respect to 
the fundamental tensor of a Riemannian space This has 
been the line of approach adoj>ted also by Carfcan. Schouten 
and other's. When such a set ot functions is assigned to a 
space it is said to be affinely connected. 

From the affine point of ^ lew the geodesics of a Riemannian 
space are the straight lines, m the sense that the tangents 
to a geodesic are parallel with respect to the curve. In 
any affinely connected space thei e are straight lines, which 
we call the paths. A path is uniquely determined by a 
point and a direction or by two points within a sufficiently 
restricted region. Conversely, a system of curves possessing 
this property may be taken as the straight lines of a space 
and an affine connection deduced therefrom. This method 
ot departure was adopted by Veblen and the writer in their 
papers dealing with the geometry of paths, the equations of 
the paths being a generalization of those of geodesics by 
the process described in the first paragraph. 
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In presenting the development of these ideas we begin 
with a. definition of covariant differentiation which involves 
functions of the coordinates, the law connecting the 
corresponding functions in any two coordinate systems being 
fundamental. Upon this foundation a general tensor calculus 
is built and a theory of parallelism 

Much of the literature on this subject deals with the case 
where the connection is symmetric, that is — Llj. When 
the paths are taken as fundamental, this is the type of 
connection whieh is derived. This restriction is not made 
in the first chapter, which deals accordingly with asymmetric 
connections. 

Vectors parallel with respect to a curve for an asymmetric 
connection retain this property for certain changes of the 
connection. This is not true of symmetric connections. How- 
ever, it is possible to change a symmetric connection with- 
out changing the equations of the pqths of the manifold. 
Accordingly when the paths are taken as fundamental, the 
affine connection is not uniquely defined, and we have a 
group of affine connections with the same paths, a situation 
analogous to that in the projective geometry of straight 
lines. Accordingly there is a projective geometry of paths 
dealing with that theoiy which applies to all affine connec- 
tions with the same paths. In the second chapter we 
develop the affine theory of symmetric connections and in 
the third chapter the projective theoiy. 

For a sub-space of a Biemannian space there is in general 
an induced metric and consequently an induced law of 
parallelism. There is not a unique induced affine connection 
in a sub-space of an affinely connected space. If the latter 
is of order m and the sub-space of order n, each choice 
at points of the latter of m — n independent directions in 
the enveloping space but not in the sub-space leads to an 
induced affine connection, and to a geometry of the sub- 
space in many ways analogous to that for Biemannian 
geometry. Under certain conditions there are preferred choices 
of these directions, which are analogous to the normals to 
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the sub-space. The fourth chapter of the book deals with 
the geometry of sub-spaces 

A generalization of Riemannian spaces other than those 
presented in this book consists in assigning to the space a 
metric based upon an integral whose integrand is homogeneous 
of the first degree in the differentials. Developments of 
this theory have been made by Finsler. Berwald. Synge and 
J- H- Taylor- In this geometry the paths are the shortest 
lines, and in that sense are a generalization of geodesics. 
Affine properties of these spaces are obtained from a natural 
generalization of the definition of Levi-Civita for Riemanman 
spaces Berwald has also obtained generalizations of the 
geometry of paths by taking for the paths the integral 
curves of a certain type of differential equations, and Douglas 
showed that these are the most general geometries of paths; 
he also developed their projective theory. References to 
the woiks of these authors are to be found in the Biblio- 
graphy at the end of the book. 

This book contains, with subsequent developments, the 
material presented in my lectures at the Ithaca Colloquium, 
m September 1925. under the title The aSTew Differential 
Geometry. I have given the book a more definitive title. 

In the preparation of the manuscript I have had the 
benefit of suggestions and criticisms by Dr. Harry Levy. 
Dr. J. M. Thomas and Mr. M. S Knebelman, the latter of 
whom has also read the proof. 

September, 1927 


LflTTHKU PFAHLER EiSENHART. 
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CHAPTER I 


ASYMMETRIC CONNECTIONS 


i . Transformation of coordinates. Any ordered set of n 
independent real variables cc z , where i takes the values 1, — . n , 
may be thought of as coordinates of points in an ^-dimensional 
space Vji in the sense that each set of values of the defines 
a point of T 7 ^ . The terms mam fold and varzety are synonymous 
with space as here defined. If (a? 1 , - - - , cc**) for z = 1. - , n 

are real functions, whose jacobian is not identically zero, the 
equations 

(1.1) a/* = c/* (a* 1 , - - . j?' 2 ) = 1 . . . ?i) 


define a transformation of coordinates m the space T", . 

If X 1 and are functions of the and cc '* s such that 


a .2> 


X z = 


da- ,ce 


in consequence of (1-1), X 1 and X' 2 are the components in the 
respective coordinate systems of a contravanant vector. In 
(1.2) we make use of the convention that when the same 
index appears as a subscript and superscript m a term this 
term stands for the sum of the terms obtained by giving the 
index each of its n values, this convention will be used 
throughout the book. Prom (1.2) we have by differentiation 

( . 3 A* 3A' K 3 a; 1 Ba:'^ . ,, K 3 a cc» 3o/^ 

3 cc J dec'* 3 Sac'* 3 & J 3a/“ 3 a ,/} & - T> 


Tt is assumed that the reader is familiar with relations con- 
necting the components of a tensor m two coordinate systems. * 

* Of- 1926, 1, pp. 1—12 References are to the Bibliography at the end 
of the text 
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I ASYMMETRIC CONNECTION'S 


He will observe that, because of the presence of the last 
tern in the right-hand member of (1.3), the derivatives of A* 
and )~' 1 are not the components of a tensor. 

Consider further a symmetric covariant tensor of the second 
order whose components in the two coordinate systems are g v 
and g r a p such that the determinant 

(!•■!) *7 === U u I 


is different from zero. From the equations 

, dx 1 ' dx-> 

9a * ~ (Jv dx'“ daft 
we get by differentiation 

vffcp 8 (j t j_ 9 a? 8 & 8 

dx''' ~~ drf* 3r'“ dx'P dx''' 


+ f Jv 


(day 

\dx r 


d 2 x-> 


d 2 x i 


dx’" dx'? dx 


dx J 


dx ’? dx’ a 3 


x’y)' 


A similar observation applies to these equations. However, 
there are n 2 (n -j- 1)/2 of these equations, and they can be 
» d 2 x l 

solved for the n-(n-\- 1)/2 quantities — -. We obtain 


fl ,i/i dx J dx x 

0/ dx' ( ' d S? W 8 ./"* dx? ~ \ a M dx'y' 


dx ,a dx'? 
j Y \ ' da? 




where j^j> are the Christoffel symbols of the second kind, 


that is. 


d-e) ^*1- 2 + --!*£), 

where cf h are defined by 

(1.0 V 9j1 i == dj = 1 or 0 as t = j or % 


9 2 oc % 

When we eliminate — from (1.3) by means of (1.5), 

3 x d x p 

we obtain 

* 1926. 1, p. 19. 
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( 1 . 8 ) 
where 
(1.9) l\j 


X 


l 

iJ 


X 


r« 


das 
3 x a 


dx'P 
dxi ’ 




3 X ,tt 
doc'P 





From (1.8) we see that X z yJ and X’ a t p are the components of 
a tensor in the two coordinate systems. Thus we have formed 
a tensor by suitable combinations of the first derivatives of 
the components of a vector and a tensor. 


If g v is the fundamental tensor of a Riemannian space, 
then X* yJ is the covariant derivative of A*. However, the 
theory of covariant differentiation in a Riemannian space has 
nothing to do with the faet that the tensor q->j is used to 
define a metric. Consequently this theory can be applied to 
any space, if we make use of any tensor g 7J such that g =j= 0. ' 

2. Coefficients of connection. We have just seen that 
when a symmetric tensor g v is specified for a space we have 
an algorithm for obtaining tensors from other tensors by 
differentiation. Hut this process is a special case of a much 
more general one. In fact, the fundamental element in the 

former consisted in the elimination of — — — from equations 

3 x 3 a 'P 

(1.3) by means of (1.5). From thus it is evident that if 
Ljk and L%g are functions ot the ce’s and ar'*s satisfying 
the equations 


( 2 . 1 ) 


3 s a* . . i dx J 
3 x ,c 3 x'P + 


Soft 

J7? 



8 /« 
o fy * 

o j ' 


the quantities X 1 j and where 

(2-2) + >■' Li„. 

are in the relations 


n 7 /f ' 

3/ c ' 0 A I o/v T 

'• ? — ~ 77 + h ' L y t i • 


3/'* 


(2.3) 


X' 


X'“ 


8 jc 1 3 x'^ 


‘‘ 8 8 a 


and consequently aie components of a tensor. 
Of 1926, 1, pp. 26-30 
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I ASYMMETRIC CONNECTIONS 


Conversely, if equations (2.3) are to hold for any vector, it 
follows from (1.3) that we mu^t have 


d'-x z da/* 3 , doc?' d_x? 9 j,y 

* 3r' v ~ dx'r ** 


which are equivalent to (2.1). since 


d x'P 9 xJ 


r a? 


dx> dx 


3 7 J 8a 


= K. 


If we take any set of functions Ifjk of the a?’s, equations 
(2.1) determine the corresponding' functions in any other 
coordinate system x ft such that equations (2.2) define the 
components of the same tensor m the two coordinate systems. 
The particular form of the functions L)k in (1.5) arose from 
a tensor g tJ , and there are other ways (cf. § 18) in which 
we get functions L% and L'fp m two coordinate systems 
satisfying (2.1). Whenever m any way such a set of functions 
is assigned to a manifold we say that the latter is connected 
and that the Z7s are the coefficients of the connection 

j \ 

From (1.6) it is seen that the symbols j are symmetric 

in j and h. We remark that from the form of (2.1) it follows 
that, if the Us are symmetric in the subscripts in one coor- 
dinate system, the corresponding coefficients in any coordinate 
system are symmetric. We do not. make the restriction that 
they be symmetric, and for the present consider the more 
general case where the connection is asymmetric. Cartan* 
uses the terms with torsion and without torsion for the 
asymmetric and symmetric connections respectively. 

When we express the conditions of integrability of equa- 
tions (2.1). making use of (2.1) in the reduction, we obtain 


(2.5) 


r i dx-> dx?* dot 1 T ,a dx l 


1923, 5, pp 32o, 326. 
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where 

( 2 . 6 ) L%i = -||| — + L% Lb — L% Lb, 

and similarly for Lup r . From the form of (2.5) it follows 
that Ljki and L'«p r are the components of a tensor. Also if 
in (2.6) the functions L)u are replaced by the Christoffel 

symbols j formed with respect to g v , the tensor Lju 

becomes the Riemannian curvature tensor of a Riemannian 
space with the fundamental tensor g v .* Accordingly we 
call Ljki the curvature tensor of the space. t 

3 . Covariant differentiation with respect to the L’s. 
Since ( 2 . 2 ) are a generalization of (1.9), we call the tensor 
of components 2 % the first covariant derivative of A 1 with 
respect to the given connection , or briefly, with respect to the L’s. 

If are the components of a covariant vector-field, it is 
readily shown by means ot ( 2 . 1 ) tb the quantities 
given by 

(3-D h\j = A*.e£, 

are the components of a tensor of the second order. It is 
the first covariant derivative of the vector A t with respect to 
the L's. 

In general it can be shown that, if a £* are the com- 

ponents of a tensor, the quantities 


(3.2) 


3 a 1 " 1, •»* 

— TT- -+ 2 a? 
3 x l « *1 


' a— iJ ’ a+i 


« t' 

y «i- s/3-i 


are the components of a tensor of order m-j-p + 1 , the first 
covariant derivative of the given tensor. As a consequence 
of this definition we have 


* 1926, 1, p. 19. 
t Gf. Schouten, 1924, 1, p. 83 
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The first covariant derivative with respect to the IJs of the 
tensor Sj is zero. 

If in (3.2) the Z’s are replaced by the corresponding 
Chris toffel symbols (1.6) of the second kind, we obtain the 
formulas for covariant differentiation with respect to the 
fundamental tensor of a Biemannian geometry.* As in the 
latter we can establish the theorem: 

Covariant differentiation of the sum, difference, outer and 
inner product of tensors obeys the same rules as ordinal y 
differentiation. 

In order that this theorem may hold for the ease of an 
invariant obtained by the inner multiplication of a contra- 
variant and a covariant vector, it is necessary that we define 
the first covariant derivative of an invariant (or scalar) to be 
its ordinary derivative. 

Since the Christoff el symbols j 

equations (3.2) are not the only generalization of covariant 
differentiation in Biemannian geometry. Thus if in (3.2) we 
replace Lff and by Lf and L% fi , we again obtain com- 
ponents of a tensor, as follows from the following considerations. 
When we put 

(3.3) L^—Llj = 2 S2jtc, 

we have from (2.1) that are the components of a tensor. 
Consequently the differences between the quantities defined 
by (3.2) and those obtained by the change described above 
are the components of a tensor. 

Still other definitions of covariant differentiation are possible. 
Thus recently Einsteint was led to the consideration of the 
equations 

® ay 7 " h 7 - 7 ^ 

figJe JLiiU O* 

ffrom (3.2) and (3.3) it follows that the left-hand members 
of these equations are the components of a tensor. However* 

* 1926, 1 , p. 28. 
fl925, 11. 
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if <Uj = K i*j, the above theorem as regards products does 
Dot hold,* if we define the left-hand member to be the covariant 
derivative of a v . 

When dealing with asymmetric connections, we shall ad- 
here to (3.2) as the formula for covariant differentiation. 
Several subscripts preceded by a solidus ( [ ) indicate repeated 
co variant differentiation with respect to the IS s. 

4 . Generalized identities of Ricci. If 6 is an invariant, 
its second covariant derivative is given by 

Q\ tl — — T S 0|i . 

]%i dx z dx-> J 

From this expression it follows that 

( 4 . 1 ) 6\ij &\ ji = 2 6 t k Hjj , 

where i2^ are defined by (3.3) ; we recall also that they are 
the components of a tensor. 

Proceeding in like manner with a contravariant vector A*, 
a covariant vector X t and a eovariant tensor ay, we obtain 
respectively 

(4.2) — )S\kj — — )J L Lhju — 2Z‘‘hJ2jh, 

(4.3) Ii\jk h\ kj — Ih Lyk 2 Ii'h --jk • 

(4.4) Oy\jd Clij\iie = cthj ilikl + Oih Ljlcl 2 Ct tJ \h fJ/ti . 


And in general we have 
(4.5) 


r, 

a < 


8 p\kl 


— as 


S p \lk 


1 , 


| < 


2 <: 

.hr* 




r a+i 


7- xnrp+1 ' nL fSu~ 2 <\ 


t—i-j 


s S hii kr 


The foregoing identities are generalizations of the Ricci 
identities of Riemannian geometry .+ When eovariant differen- 
tiation is used, it is advantageous to use (4.5) in place of the 

* Of. J. M. Thomas, 1926, 13, p. 189. 

+ 1926. 1, p. 30, cf. Schouten, 1924, 1, p. 85. 
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customary conditions of integrability of ordinary differentiation, 
namely 


9 

(de\ 

9 

( d J\ 

dscJ 1 


I 

f*i 

\ 9 x J J 


the derivation of the generalized identities of JS/icci. 

5. Other fundamental tensors. If we put 


rjL = 4 -(£j»+zu 


(5.1 ) - jn. 2 

it. follows from these equations and (3.3) that 


(5.2) L',k — r’ Jh 4- S2j k . 

Thus and iljk are the symmetric and skew - symmetric 
parts respectively of L]u- Substituting these expressions in 
(2.6), we obtain 

(5.3) L)u = B l Jk i+£i)u, 
where 

( 5 . 4 ) b i m =- \ r ): — 4- r* :,nk—r%rti 

and 

(5.5) iijia = Xfj/n, — 1 + i±i,i --jh — --hi, &ji — 2 ii)h f-ki- 

From equations (2.1) and (5.2) we have 


(5.6) 


9 2 a/ < ri 9.r'9.% x _ r , a 9 x 1 

9^3^ dx'^Qx'S tor dx' r * 


Smce these equations are of tlie form (2.1), it follows that 
Bju are the components of a tensor. This is evident also 
from (5.3), since Si)u are the components of a tensor. 

From (5.3). (5.4) and (5.5) it follows that the tensors 
B'ili, Bjki and are skew-symmetric in the indices 7c and l. 

If Bjk denotes the contracted tensor Bjj a and &,/ c and jS jh 
denote respectively the symmetric and skew -symmetric parts 
of Jijk, we have from (5.4) 


• 5.7) b jh — 


1 / 9 r’lij 

2 \ djt* 


9_rgfc \ 

dx J I 


Q-pr + 1 ji* Iik / Jk * hi* 
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(5.8) 


ftjk — 


1 ( ai% 

2 \ d cf 


dx- it 


We shall show that /S jk is the curl of a vector. In fact, 
let g v be any symmetric tensor of the second order and 
form the Christoffel symbols of the second kind, if we put 


(5.9) 


Jk 


= \jk\ + 


it follows from (1.5) and (5.6) that a l jk are the components 
of a tensor symmetric in the indices j and 7c. Since 

U l 8 logV g * 

\lj< dx J ’ 

it follows from (5.8) and (5.9) that 


( 6 . 10 ) 


ftjk = 


1 / 9 <ij 9 a,k \ 

2 \dx x dx J )’ 


a j 


ci. 


V 


’* — \ t \ 


If in place of taking the tensor g v we had taken any other 
tensor g v , the function gif is a scalar, and consequently 
aj in (5.10) would have been replaced by a, plus a gradient. 
From (5.4) and (5.8) we obtain 


(5.11) S kl — B\ kl 2 ft lh . 

If we put 

(5.12) Sij = = — i&, 

we have from (5.5) by contraction for i and l and toi i 
and j respectively 

(6.13) SijTc = &J1U = —i&jpc+Sfjk, + Si h X& + 


and 

(5.14) 


®JW — “ &ikl = 


d£>i 

dap 


d£2 k 
dx 1 ' 


As a consequence of (5.3), (5.10), (5.11 ) and (5.14) we have 
The skew-symmetric tensor L\ kl is the curl of the vector 
— (a, + ■&*) j where a* is determined to ivithm an additive 
arbitrary gradient. 

* 1926, 1, p. 18 
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When the expressions (5.9) are substituted in (5.4) and we 
denote by H? Jkl the components of the Riemannian curvature 
tensor for the tensor g tJ , we have 

(5.15) = Rj li a,jt k i + o!ji cij,j c o? hl , 

where a semi-colon followed by an index indicates covariant 
differentiation with respect to the g's. Contracting for i and l 
and for i and j, we have 


(5.16) B jk R Jk + a J>k — a) k> % + a]\ a\ k — a% a h 

and (5.10), in consequence of (5.11). From (5.16) it follows 
that the symmetric part of Bjk is 

(5.17) l Jk B jk + - 2 ia Jik + a k J~a^. l + a%al k —a%a h . 


If the symmetric tensor b v , defined by (5.7), satisfies the 
condition that the determinant j bjj | is not identically zero, 
it may be made to play a role for the manifold analogous 
in some respects to that of the fundamental tensor in 
Riemannian geometry. It is the tensor which would naturally 
be used for the tensor g tJ in the above equations to give 
determinateness to these equations.* 

From (5.8), (5.10) and (5.11) we have 

^ . _ 3 1% 9 Tjti _ da, 8fl ( 

v dx l dx J dec 1 d x J ’ 

from which it follows that a function g is defined by the 
equations 

( 6 . 18 ) l^L =rt _, h _ 


From the relation (5.6) it follows that between g and the 
corresponding function g' in another coordinate system x' % we 
have the relation 


V7= VY 

* Of. EiBcnhart, 1923, 4, p 373. 


dx n 
3 oc J 
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Consequently we have the invariant integral 

I = J * V g dx 1 • • dx u = J* V, g' da s ' 1 • • • dx ,H . 

If in (6.18) we replace a t by a z 4- 8 - , where <9 is an 

arbitrary scalar, then V q is replaced bj T V g d . Hence for 
a given symmetric connection there is no uniquely defined 
fundamental integral like the volume integral of a Riemannian 
space. If, however, the tensor jS z j is zero for the connection, 
the function g defined by (5.18) with a % — 0 is uniquely defined 
and thus we have a volume integral for the space* which 
is analogous to that of a Riemannian space.t 

6. Covariant differentiation with respect to the r’s. 
Since the r’s satisfy (5.6), which are of the form (2.1), it 
follows from (3.2) that the quantities 


( 6 . 1 ) 




1 a a+i 


r J c 

Ji 



IV- 

8 fl 



are the components of a tensor. This may be seen also by 
substituting the expressions (5.2) in (3.2) and observing that 
the differences between the resulting expressions and (6.1) 
are components of a tensor. The process defined by (6.1) we 
call covariant differentiation with respect to the r’s and use 
a comma followed by indices to denote this type of covariant 

differentiation.^ 

In terms of covariant differentiation with respect to the J”s 
equations (5.5) become 

(6.2) tijki — f-ji , fc — t-jk, i + £-ji -tjtk — St},*. 


* Of. Veblen, 1923, 8, Eiaenhmt, 1923, 9. 
f 1926, p. 18. 

\ Of. 1926, 1, p. 28. 
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If 6 is an invariant, we have 


(6.3) 




r ,ji 


= 0 . 


Also we have the following generalized identities of Ricci* 


i, 


(6.4) 


( / r i 7 m n 1 

a *. f «, 


v* 


s <: 

a 1 

1 , 


■ s a- i^ ts a+i 


rp-ihrp^ 




r m Jffi 
■^hlU • 


7 . Parallelism. Paths. In a general manifold there is 
no a j)i m 1 basis for the comparison of vectors at different 
points. For a Riemannian manifold parallelism of vectors, 
as* defined by Levi-Civita, ‘ serves as a basis for such com- 
parison. This definition may be generalized for a connected 
manifold. We say that a tune is the locus of points for 
which the coordinates . 1 } are functions of a parameter t. 
Let C be any curve and consider the system of' differential 
equations 

(7 n dXl -t- r\ ?'**. ^ n 

(<.!) , Lj;./. dt ■ 0 . 


where the x's in the U s are replaced by the functions of t 
for (’. A solution of these equations, that is a set of functions 
A 1 . • - ). n satisfying them, is determined by arbitrary values 
of the /.’s for a given value of t. in accordance with the 
theory of differential equations. 

Consider such a solution. Since the A’s are functions of t 
and likewise the .r*s. the /.’s are expressible, in many ways, 
as functions of the /’ s. Assume that the /.’s considered as 
functions of the r s are substituted in (7.1) and that the 

3 

resulting equations are multiplied by - and t is summed, 

or 

being the coordinates of any other system for the space. 
By means of equations obtained from ( 2 . 1 ) by interchanging 
the /‘s and ./ y 's. the resulting equation is reducible to 


&X’ 1 ' 

~<lt 


l r U' 

— i^r 


)ji } r 

dt 


= 0, 


1017 1 . 
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where 

X' a = 

dx z 

Consequently a set of functions A* satisfying (7.1) are for each 
/alue of t the components of a contravariant vector. We say 
that they are parallel to one another with respect to the cut ve, 
and that any one of them may be obtained from any other 
by a parallel displacement of the latter along the curve. From 
the above remarks it follows that a family of vectors exists 
parallel to any given vector at a point of C. Since parallelism 
has thus been defined m terms of the connection, we say 
that the connection is affine and that the U s are the coefficients 
of affine connection. 

Two vectors at a point are said to have the same direction, 
if corresponding components are proportional. Accordingly, 
if a set of functions A* satisfy equations (7.1), the vectors 
of components 

(7.2) V *= yA\ 

where y is any function of t, should be interpreted as parallel 
with respect to the given curve C From (7.1) and (7.2) 
we have 

where 

CM) /» - -^P-. 

Conversely, if we have any set of functions A* of t which 
satisfy (7.3), they are the components of a family of contra- 
variant vectors parallel with respect to C, and by means 
of (7.2) and (7.4) we find the vectors X 1 satisfying (7.1). 

From (7.3) we have, on eliminating fit) and omitting the 
bars, 

a.5) + * * %-) - »• (4r + L ' * -fr) - 0 
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as the conditions of parallelism which hold for (7.2) what- 
ever be 9. 

As a particular example of the foregoing we consider the 
curves whose tangents are parallel with respect to the curves. 
From (7.5) it follows that the equations of these curves are 

dx J Id 2 x l . z daP dx J \ 
dt \ dt 2 ' I]d dt dt I 

^ dx % [d* x J , ^ dx jc dx z \ n 

dt \ dt*- + ril dt dt 7 ° J 

and that, conversely, any curve defined by these equations 
possesses the above property. We call these curves the paths 
of the manifold. They are an evident generalization of the 
geodesics of a Rietnannian manifold.* 

From the form of (7.6) it is evident that all connected 
spaces for which the r’s are the same but !2j fc are. arbitrary 
have the same paths. Later (§ 12) it will be shown that 
this is not a necessary condition. 

8 . A theorem on partial differential equations. Con- 
sider a system of partial differential equations 

(8.1) -ff^ = V? (»,*) (« = !,• »), 

where the «/>’s are functions of the 0’s and .%-‘s. The conditions 
of integrability of these equations are 

( 82 ) dlK ' I dr * dBti I dtfJ “ der 

K ' } dx J del 3 9 x-> dx l d er dx l ’ 

where fi and y are summed from 1 to M. If these equations 
are satisfied identically, the system (8.1) is completely inte- 
grable and the general solution involves M arbitrary constants. 
For in this case we can obtain developments in powers of 
the x’s, with constant coefficients, which satisfy (8.1), the 
coefficients being determined by the initial -values of the 0’s. 

* 1926, l, p. 50. 
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If equations (8.2) are not satisfied identically, we have a 
set Fj_ of equations, which establish conditions upon the 0's 
as functions of the re’s. If we differentiate each of these 

0 QCt 

equations with respect to the re’s and substitute for -r— - 

oof 

from (8.1), either the resulting equations are a consequence 
of the set F x or we get a new set F s . Proceeding in this 
way we get a sequence of sets, F 1} F s , — , of equations, 
which must be compatible, if equations (8.1) are to have a 
solution. If one of these sets is not a consequence of the 
preceding sets, it introduces at least one additional condition. 
Consequently, if the equations (8.1) are to admit a solution, 
there must be a positive integer N such that the equations 
of the (jV-|-l)th set are satisfied because of the equations of 
the preceding -A 7 sets ; otherwise we should obtain more than 
M independent equations which would imply a relation between 
the x’s. Moreover, from this argument it follows that N < M. 

Conversely, suppose that there is a number N such that 
the equations of the sets 

(8.8) F„ • • Fjsr, 

are compatible and each set introduces one or more conditions 
independent of the conditions imposed by the equations of 
the other sets, and that all of the equations of the set 

(8.4) -Fa t +i 

are satisfied identically because of the equations of the sets 
(8.3). Assume that there are p (< M) independent conditions 
imposed by (8.3), say G v (0, cr) = 0. Since the jacobian 

g Q 

matrix ~ is of rank p, these equations may be regarded 
o 6 

as solved for p of the 0’s in terms of the remaining 0’s and 
the ay's, and the equations are then of the form (by suitable 
numbering) 

(8.5) 


6 a — ... f 0-v x) = 0 (a— 1, p). 



16 


I. asymmetric connections 


From these equations we have by differentiation 
8 9 a dcp a 8 


Replacing 


8 x l d e" 9 sc* 
9 6 a 


T^ = 0 + 




9 ££* 


by means of (8.1), we have 


VI 


dy c 


dd* 


v;- 


9 5p' r 


dx‘ 


0, 


which equations are satisfied because of the sets (8.8) and 
(8.4), as follows from the method of obtaining the latter. 
Accordingly we have by subtraction 


( 8 . 6 ) 


Q JPl 

9 r z 9 0*' 



From these equations it follows that, if the functions 
(9 p+1 , - • e M are chosen to satisfy the equations 

(8 * 7) |fr = Vl^ v+ \ •• * 

where is obtained from tp v % on replacing d a (<r — 1, . -,p) 
by their expressions (8.5), then equations (8.1) for «— 1. •• , p 
are satisfied by the values (8.5). Since the equations of 
the set F x are satisfied identically because of (8.5), it follows 
that equations (8.7) are completely integrable; for, the 
equations arising from expressing their conditions of mte- 
grability are m the set F x . Consequently there is a solution 
in this case and it involves M — p arbitrary constants. 

When p — M, we have m place of (8.5) 6 C ‘ — </>“(/) 
and in place of (8.6) that the functions 6 n satisfy (8.1). In 
this case there are no constants of integration. Hence wo 
have* 

In older that a system of equations (8.1) admit a solution 
it is necessary and sufficient that there exist a positive inteyci 
F M) such that the equations of the sets Fx, ■ • Fa art 
compatible for all i nines of the a?’s in a domain, and that 
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the equations of the set -PV+i are satisfied because of the for men’ 
sets; if p is the number of independent equations in the first 
N sets, the solution involves JS£ — p arbitr ary constants .* 

It is evident from the above considerations that when an 
integer N exists such that the conditions of the theorem are 
satisfied, they are satisfied also for any integer larger than N. 
However, it is understood m the theorem and in the various 
applications of it that N is the least integer for which the 
conditions are satisfied. 

The above theorem can be applied also to the case when 
there are certain functional relations between the 0’s and 
x’s which must be satisfied m addition to the differential 
equations (8.1). In this case we denote by F 0 this set of 
conditions, and include m the set F x of the theorem also 
such conditions as arise from F 0 by differentiation and sub- 
stitution from (8 1). Then the theorem proceeds as above 
with the understanding that the sets F 0 , F u • . Fn shall 
be compatible, and that the set Fjx + i shall be satisfied 
because of the former. 

In certain cases (cf. § 36') the equations of the set Ft 
consist of two sets F{ and F", such that, if F{ and Ff are 
those which follow from F\ and F” respectively, then the 
set Ff is a consequence of Ff In' this case equations 
F% are a consequence of Fj and so on. Hence we have that 
all the solutions of Ft-, • • • , FA-, i satisfy the set Ff 
Accordingly in applying the theorem we have only to consider 
the sequence Ft. • • •, F,', • - 

When the functions </>“ in (8.1) are linear and homogeneous 
in the 0’s, the same is true of the equations of .the sets 
Ft, F s , moreover p is at most equal to M — 1. From 
algebraic considerations it follows that the conditions of the 
problem are that there exist a positive integer N such that 

* This theorem for the case M — p was used by Cht isloffel , 1869, 
1, p. 60 in. the solution of a certain problem (cf § 28) and was used 
for the general case in the same problem by Wright, 1908, 1, pp. 16, 17, 
cf. also, Bianchi, 1918, 1, pp. 9-13; Levi-Ctvita , 1925, 5, pp. 40-43 and 
Vehlen and J M. Thomas, 1926, 6, pp. 288-290. 


2 
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the rank of the matrix of the sets F x , • • • , F N is M — p (p 1) 
and that this is also the rank of the matrix of • • *, Far+i. 
When these conditions’ are satisfied, the solution of the 
problem reduces to the integration of a completely integrable 
set of equations (8.7), in which now the ^’s are linear and 
homogeneous. Consequently any solution is expressible as a 
linear function with constant coefficients of p particular 
solutions, and such an expression with arbitrary constant 
coefficients is a solution. Most of the applications of this 
theorem which we shall make are to equations of this linear 
type. Moreover, these equations are of the form in which 
the 0’s are components of a tensor and in place of their 
derivatives we have first covariant derivatives. 

9 . Fields of parallel contravariant vectors. When 
we have any contravariant vector-field of components X z , the 
vectors of the field at points of a curve C are parallel, if 

(9.1) d ~ t (X h fcijc — X 1 *V) = 0 , 

as follows from (7.5). In order that these equations be 
satisfied for the vectors of the field along any curve of the 
space it is necessary that 

***•*— A***-*. = 0, 

from which it follows that 

(9.2) 

where pu is a covariant vector. When pj- is not a gradient, 
• d 

the function i*u ~ depends upon the curve, so that if the 

vector X* at a point P is subjected to parallel displacement 
around a closed circuit the resulting vector at P will depend 
upon the path, this is shown in § 10. This will not be the 
case if /** is a gradient, in which case (9.2) may be written 

(9.3) X* h = • 
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A field of vectors satisfying equations (9.3) is said to be a 
parallel field. If ve change the components replacing Z* by. 
A*^, the new components satisfy the equations 

(9.4) A‘ a = fj*r + L% X J = 0 . 

If A* are the components of a parallel field they define a 
congruence of curves along any one of which it is possible 

to choose a parameter t so that X = . Then from (9.3) 

or (9.4) and (7.6) we have. 

The curves of a congruence of an tes detei mined by a field 
of parallel vectors are paths. 

From (4.2) we have that the conditions of integrability of 
equations (9.4) are 

(9.5) Z h ti yk = 0. 

When 

(9.6) L\jk = 0. 

equations (9.4) are completely mtegrable, that is. a solution 
is uniquely determined by arbitrary values of A* at a given 
point. Hence we have: 

A necessary and sufficient condition that thei e exist a field 
*f contravanant vectors parallel to an arbitrary vector is that 

(9.6) be satisfied. 

From equations (9.5) we have also 

necessary and sufficient condition that a V n admit n 
linearly independent fields of parallel contravanant vectors 
is that the curvatme tensor L)n be a zero tensor. 

If equations (9.6) are not satisfied, on differentiating (9.5) 
covariantly, we have in consequence of (9.4) 

(9. i ) A Lhjk , 0 . 

Proceeding in like manner with these equations, we obtain 
the sequence of equations 


2* 
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(9.8) 


A Tjhjk , m. i 7)i 2 0 ? 

• » • • • * 

A LhjK | Vlj /u, hi, 


Equations (9.4) are of the form (8.1). Hence in consequence 
of the results of § 8 we have 

A necessary and sufficient condition for the existence of one 
or more fields of 'parallel contravariant vectors is that there exist 
a positive integer N such that the first N sets of equations (9.5), 
(9.7) and (9.8) admit r C> 1) fundamental sets of solutions, 
winch satisfy the (j\ r + ~i)ih set of equations, if these conditions 
are satisfied, thei'e are r linearly independent fields of parallel 
lectors and any linear combination, with constant coefficients, 
of these vectors is a parallel field* 

Having thus obtained the conditions for one or more fields of 
parallel contravariant vectors in invariantive form, we shall 
show how all such fields may be obtained by making a suit- 
able choice of coordinates. 

Suppose we have r fields of parallel vectors of com- 
ponents where a, for a = 1 r, denotes the vector and i 
the component; we use the notation that an index in paren- 
theses indicates an entity, one without parentheses a com- 
ponent. In another coordinate system x n we have 

(9.9) ?.'(a) = hlccy — — . 

Consider the system of differential equations 

(9.10) X a (d) = X\ tt y — = o. 

Since by hypothesis the functions A**) satisfy (9.4), the 
Poisson operator applied to equations (9.10) gives 

* This theorem for the case Sl} k = 0 was established by Veblen and 
T. Y. Thomas , 1923, 1, p. 590. 
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*1 


Ml) (A,- Ap AjiAri) <9 — 2 A(c-) /.(*> 

We consider first the case when iiy 
equations (9.4.) become 

(9.12) --- 0. 


9 0_ 
9,x J - * 


— - 


— ■ - 0. that is, when 


In this case equations (9.10) form a complete system, and 
thus there are n — r independent solutions 6* (x 1 , - , a n ) for 

(f — - ) + 2 , • • , n. If we omit any one of equations (9.10), 
the remaining ones form a complete system and admit in 
addition to the above another independent solution. In 
this way we get r other functions 0“ ( x *, • - , zX) for 
cc — 1 , • , r, e c ' being the additional solution when X r -(Q) = 0 

is omitted If we put 

(9.13) //* = e l (x\ - r>‘). 


from (9.9) and (9.10) it' follows that in the coordinate 
system a' 1 , the components are zero unless ? = a. 

Suppose now that equations (9.12) are expressed in this 
coordinate system, which we call a?*, then the components 
of the > vectois are of the form 


(9.14) = d\. ip«, 

a not being summed. From (9.12) we have 
(9.151 ri = - * . 

OX K 

Since the I” s must be symmetric m the lower indices, it is 
necessary that ifJu be a function at most of se“, a? + 1 , • - , a? 1 . 
Hence we have the theorem- 

The most general space with a symmetric connection 
admitting r fields of parallel contravariant vectors is obtained 
by choosing arbitrarily the coefficients /’J r for a and t equal 
* Cf Groursat, 1891, 1, p. 52. 
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to r + 1, — , n, and for the others expressions of the form (9.15). 
where ip& is a function, of x a , 

When the connection is asymmetric, the quantities (9.14) 


satisfy (9.4) if 
(9.16) 


IU =- — 


8 lOg }pa 

dx k 


(« 


1, 


o. 


where « is not summed. Hence we have- 

A space with asymmetric connection admitting t fields of 
parallel contravariant vectors is defined by (9.16) where ip<, 
are any functions of the x’s and the other L’s are arbitrary. 

In particular, if r — n, it follows from the above results 
that the tensor L)ui is zero. This is readily verified for the 
expressions (9.16). 

If in equations (2.1) we replace L'fp by expressions of the 
form (9.16) for a, j8, y — 1 . . .., n, we have 


8 a g:» 4 

dx ,a dx ,p +Ljk 


8 x J 
dx' a 


djxf 8 log ipa 
8 a' fl 


8 a 1 
8 x ,a 


= 0, 


where a is not summed in the last term. Since by hypothesis 
^JkZ are zero, and L'ap y are zero when tp a are arbitrary functions 
of the x’s, it follows from § 2 that the above equations are 
completely integrable. Hence we have: 

When the curvature tensor of a space with asymmetric 
connection is zero, a coordinate system exists for which the 
coefficients have the form (9.16). the n functions ip a beiny 
arbitrary. 

If the ip’s are constants, the coefficients must be zero, 
which is possible only in case of a symmetric connection, 
as is evident from (2.1) if we take Ljk — 0. In this case 
we have as a corollary of the above theorem: 

When the curvature tensor of a space ivith a symmetric 
connection is zero , a coordinate system exists for which all of 
the coefficients of the connection are zero. 

io. Parallel displacement of a contravariant vector 
around an infinitesimal circuit. In order to consider 
* Eismhart, 1922, 1, p. 210. 
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the parallel displacement of a vector around an infinitesimal 
circuit, we consider a surface, that is a manifold of two 
dimensions, defined by equations x z = f l (u, v), where the 
functions f and their derivatives to the third order exist and 
are continuous at a point P of the surface. We consider 
the circuit comprising the points P(u,v), Q(m + du, v), 
P(w + du, v + dv), S (it, v + dv) and P. We take a vector A* 
at P and find from (7.1) the components of the vector at Q 
parallel to it, then in the same way the vector at JEt parallel 
to this vector at Q and so on. The components of the 
resulting vectors are given by 


(10.1) 


a*)j> = w)s 


ldfc\ 

i - | 1 J 

(d 2 &\ 

( du ) 

1 p du+ y 1 

{ dn 2 ) 

l d?f \ 

L _ , 1 i 

id 2 An 

\ do i 


( dt,*l 

IdX 1 ' 

i , , 1 

(d*te\ 

(dn, 

)/” + 2 1 

U« a ) 

[d A" 

v , . 1 

/PAn 

( dv, 

1 

(dn*) 


dv* + 


where the quantities such as and so forth 

are obtained from equations of the form (7.1). When all 
Of the above equations are added, we obtain 



At P we have 




yj 

' 9 u Ip’ 



dec? 9a^ ll 
du 9m J|p 
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When the functions Z4 and — — at Q are replaced by theii 

OV 

expansions about P and use is made of (7.1), we have 


dv/Q 




ao - 4 > (*-£-) 


(l£) a - If -£]},+ • • 

In like manner we obtain 

UVs_\ f dfr \ ' 

\dujp \ dnJx 


d%*\ (d?s 


T i 9aft\ ,i T h 9 aft dx l 
LjK du) hk Jl du 3 u 





r »_/ 

r 

L 9 it \ 

U 

fJL/ 

rl 

Idv \ 


- -{*'U (* ^ TV 4 y]}, *• 

We remark also that the expressions for | ~|^r ) and {^~rj 

( d 2 >t*\ / d 2 A*\ 

^2 j and i ^g ) respectively, as 

given by (10.3) and (10.4), only in terms of the first and 
higher orders of the differentials. When these expressions 
are substituted in (10.2) we have 

(10.5) A (P)p = — U J Ljki ~~ dudv-{ . 

\ oil OV Jp 

From the considerations of § 9 it follows that A (^*)r» — 0 
when Ljki = 0. The same is true when A* belongs to a field 
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of parallel vectors. But in the general case when a vector 
undergoes parallel displacement around an infinitesimal circuit 
the difference between its final and original position is of 
the second order and depends upon the value of the com- 
ponents Pjia at the starting point.* 

Let Z(a) be the components of n independent contravariant 
vectors at P, where c<, for a = 1, - . n, indicates the vector 
and i f for i — 1 , . . n, the component. If these vectors 

are displaced about an infinitesimal circuit and we denote 
by A, the determinant •?<■(«) then from (10.5) we have 

(10.6) Att)p -= —UlIjci ~~ !--) dndv-\- ' . 

' ou ov / p 


Hence for this variation to be of the third or higher order 
it is necessary that [cf. (2.6)] 


3 J-nl. 3 Pjk 

d x k 3 t 1 


o.t 


From these equations it follows that 


(10.7) 


r 1 
t'l) 


'6 loft </■ 
dr> 


In another coordinate system jJ 1 we have 

7 /r 8l0gjr.' 

Jj,s — * * 

3 r 


and we desire to find the relation between </■ and </■'. 
(2.1) we have 


T n 
LJ'i $ 


d 


d X 


/* 


log A + I'n 


3 x 1 
8> ’ 


From 


I 3 x l 

where A is the lacobian - . Consequently we have, to 

| 3 x' 

within a negligible constant factor, 

* Cf. Schouten, 1924, 1, p 84 
f Of Schouten , 1924, 1, p 89 
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(io.s; 


S o' — <j>A- 


that is. tp is a scalar density. 

If A&> denote the components of the vectors m the co- 
ordinates x' 1 and X' denotes the determinant | I, we have 

(10.9) ;/== T’ 


that is, X is a relative invariant of weight — 1 . Accordingly 
A 5 p is an invariant (or scalar). 

If now we take n linearly independent contravariant vectors 
parallel with respect to a curve C and let sp be any scalar 
density, we have 


d 
d t 


Xy> 


X 


9 5 p 
9 a A 


< P 



das 1 " 

Tt ’ 


Consequently if the invariant Xtp so formed with respect to 
every curve in space is to be constant along the curve, it is 
necessary and sufficient that (10.7) hold, the function y being 
thus determined. 

In particular, if the connection is symmetric, we have in 
place of (10.7) 


( 10 . 10 ) 



9 logy 
9 r J 


Then from (5.8) and (5.11) we have that 

(10.11) -BU = 0, B v = B Jt . 

Conversely, when conditions (10.11) are satisfied, we have 
(10.10), as follows from (5.8) and (5.11). Hence we have:* 

If for a symmetric connection the contracted tensor B v is 
symmetric, the magnitude of the determinant X of n linearly 
independent contravariant vectors X\ a ) is unaltered to within 
terms of the third and higher order, when the vectors undergo 
parallel displacements about an infinitesimal circuit, and 
conversely. 

* CL ScJwuten, 1924, 1, p. 90. 
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ii. Pseudo-6rtbogonal contravariant and covariant 
vectors. Parallelism of covariant vectors. If /t z are the 
components of any covariant vector, there are evidently « — 1 
linearly independent contravariant vectors l\ c > such that 

(n.i) fi% i((f) — o . (« = i. * • • . n — i ). 

We say that each of the vectors is pseada-m thogonal to 
g t ; in Riemannian geometry (11.1) is the definition of ortho- 
gonality, when fi t are the covariant components of a contra- 
variant vector jmV' Evidently any vector pseudo-orthogonal 
to fi't is expressible in the form 

(11.2) ?.* = ct a (a — 1. . . n — 1). 


where the a’s are invariants ; here, and in similar cases later. 
a is supposed to be summed for its values 1, • . n — 1. 

Consider any curve C of the space and n — 1 linearly 
independent families of contravariant vectors V {0) parallel with 
respect to C. From (7.3) it follows that w r e have 

(11.3) — ~b LjJc^(p) —Ktofccif) (« = ].. . » 1). 

« being not summed in the right-hand member. The equations 
(11.4; Ka) Pt = 0 


define, to within a common factor, the components p, of a 
family of co variant vectors pseudo - Orthogonal to the given 
A**). We say that these vectors g z are parallel with resped 
to C. Differentiating (11.4) with respect to t and making 
use of (11.3), we obtain 


, (dp, . rfscM 
\ It T-'tkPj fit J 


= 0 . 


1926, 1, p. 38. 
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Comparing these equations with (11.4), we find 

(11.6) IzT ~ Uhlh *ft = '“«’ w 

as a necessary condition of parallelism. 

In order' to show that it is a sufficient condition, we con- 
sider n — 1 linearly independent covariant vectors satis- 
fying equations of the form (11.5), that is, 

(11 - 6 > at ~aT *= '** * (0 ’ 

where a is not summed in the right-hand member. Then 
the equations 

^ (a) n, 

Pt =0 

determine quantities JJ 7 to within a common factor, which 
are the components of a contravariant vector pseudo-Ortlio- 
gonal to each of the n — 1 vectors {h c<) Differentiating these 
equations, we find that A* satisfies equations of the form 
(11.3) and consequently defines a family ot contravariant 
vectors parallel with respect to C. Suppose now that we 
have any family of veotors /u satisfying (11.5) and we 
associate with it n — 1 vectors satisfying (11.6) all n being 
linearly independent. The vector and each set of n — 2 
of the set ptf? determine a contravariant vector pseudo-Ortho- 
gonal to fit i. In this way w° obtain n — 1 linearly inde- 
pendent families of parallel contravariant vectors pseudo- 
Orthogonal to the vectors Hence we have. 

Any family of covariant vectors whose components satisjy 
equations of the form (11.5) are parallel with respect to the 
given curve, that is, they are pseudo-orthogonal to n — 1 linearly 
independent families of contravariant vectors parallel with 
respect t-o the curve. 

* Here «, where « = I. ••*•. n — 1, indicates the vector and i the 

component. * 
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Incidentally we liave 

Any n 1 Iznearly 'independent families of covan cint vectors 

parallel zozth respect to a curve are pseudo-ot thogonal to a family 
of contravanant vector s parallel ivith respect to the carve. 

By processes analogous to those used m § 9 we have that 
when the equations 

O 1 7) -ffl- — Uk Hj = O 

admit a solution, the vector-field is parallel. However, 
we cannot say that the existence of such a field is equivalent 
to the existence of n — 1 linearly independent fields of parallel 
contravaviant vectors. For on differentiating* (11.4=) covanantly 
and nialcmg use of (11.7) we have 

O, 

which are equivalent to 

ClttL A/#) , 

where for each value of « and, /S the a s are components of 
a covariant vector. 

From (11.7^ and (4=.3) we have 

A. necessary and si efficient i audition foi the eocistence oj n 
7 /nearly independent folds of pai allel covariant vectors is that 
the < a? vatzire tenso r he zero. 

When the connection is symmetric, it follows from (11.7) 
that t* % is the gradient of a function ^ . Since m this case 
the covariant vector at any point in space is pseudo- 

orthogonal to every displacement m the hypersurface <j> = const, 
containing the point, we call it the covariant p>seudonormal 
to the hypersurface. Sfjence we have- 

yVhen a space ivith symmetr k 'connection aclrmts a parallel 
field of covariant vectors , they are the covat lant pseudonormals 
to a family of hyper surfaces 

13. Changes of connection wlaichi preserve parallel- 
ism. Let Ljk and Lju be the coefficients of two different 
connections. W e inquire whether it is possible that parallel 
directions along every curve in the space are the same for 



3Q I. asymmetric connections 

the two connections. To this end we make use of the 
equations of parallelism in the form (7.5). Subtracting these 
equations from the corresponding ones in the X’s, we have 


where 


/ ,ft 7 Si ft \ -,r -J 

(Or Ctjk "j n jk) A /. ^ ^ 

fl'jk = TJjk — I J jk • 


0, 


From (2.1) it is seen that aj& are the components of a tensor. 
Since these equations must hold for any curve and for vectors 
parallel to any vector with respect to this curve, we must 
have 


hr (tjk + dj a, I, 


h 

o> a tk: 


lY. nl'i. = 0 . 


Contracting for h and r, we have 

a jk * 26 j 

where *Pk is the vector defined by 

2 n ifJ k = a’; tK . 

Conversely, if we take 

(12.1) L) k = LW + 2 <>j <!>k. 


where 4>i. is an arbitrary vector, the above conditions are 
satisfied. Hence we have: 

Equations (12.1) in which ip % is an arbitral y coianant 
vector defines the most yeneral change of connection which 
preserves pci) alt el ism 

From the form of equations (12.1) it is seen that both 
sets of coefficients cannot be symmetric in the subscripts. 
In § 14 we discuss the case where one set does possess this 
property. Hence we have. 

It is not possible to have tujo symmetric connections with, 
respect to which parallel directions along every curve tn the 
space are the same far both connections. 

When the condition for parallelism is written in the form 
(7.3), that is, 

* Cf. Friesecke, 1925, 1, p. 106, also J. M. Thomas, 1926. 3, p. 662 
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- 3 7 + ^4t 




the functioii J'if) for the connection (12.1) is given by 

(12.2) J — J -\- 2 ip/, ~j ~ . 

Cl t 

If we have a field of parallel vectors X* defined by 

■££+*'*- o. 


then for the connection defined by (12.1) we have 


dX* 

dx k 


-f V LjK = 2X* 


which_is discussed in § 9. 

If rjjc and denote the symmetric and skew-symmetric 

parts of Ljk, as m (3.3) and (5.1), we have 


(12.3) r,i = r] h + 6) 1 (J K + di tfjj , 

and 

(12.4) Sf jK = Hjk + d* 4’k ~ SL H>j • 

From the definition (§ 7) of the paths of a connected 
manifold it follows that the paths are the same for all 
connections related as in (12.1). This can be shown directly 
by means of (12.3) Conversely, if we apply to equations 
(7.6) the same reasoning as was applied to (7.5), we can 
show that expressions of the form (12.3) give the most 
geneial relation connecting the T’» so that the equations 
(7.6) are unaltered. Hence we have. 

Equations (12.3) and an arbitrary ihoite of dejine the 
most general change in connection which p> eserves the paths. 

If Lju denote the components of the curvature tensor for 
the Zr’s defined by (12.1), from (2.6) we have 


(dlpl 

9 *Ph\ 

\ dxF 

dx l } 


)• 


(12.5) 



i: ASYMMETRIC CONNECTIONS 


S'A 

In KTtp. manner we have from (5.4) and (12.3) 

( 12 . 6 ) Bj k i = Bjki + d l j (tpi k — ipta) + 6\ ipjk — 4 tyji , 

where 

( 12 . 7 ) ipjk = Vj,k—yj Vk, 

ip j k being the covariant derivative of ipj with respect to the 
r’s. Prom equations analogous to (5.3) and from (12.5) and 
(12 6) we have 

(12.8) Siju = Hjki + dj (ipu. — ip k i) + rfj Jt — S\ ip jk . 


Erom (12.5) by contraction we have 

(12.9) Ljk — i?jkt — Bjk + 2 | 
and 

(12.10) 2jk — L\ jh = ^Jk+2n 


9 VO 

9 tyk \ 

dor* 

dx J J 

/ 9 V^k 

9 V(/\ 

\ dxJ 

d of ) 


Erom this result and the theorem of § 5 we have: 

The vector ip t can he chosen so that for the new linear 
connection iXjk — 0 . 

Erom (12.5) we have 

When, and only when, ipk is a gradient, Ljki = Ljki . 
Contracting (12.6) for * and l and i and j, we have respec- 
tively 

(12.11) Bjk = Bjk -b n ipjk — ipkj 

and 

(12.12) A* = 0ik + (*pik — « , 


in consequence of (5.11). If in accordance with (5.10) we put 
(12.13) 0 tk = 


l 

/9 A 

9iS*\ 

2 

Use* 

doc? } 


we have from (12.12) that 

(12.14) fit = fa (n -b 1) ipi ~b efi. 


where a i is the gradient of an arbitrary function a. 
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Again contracting (12.8) and using the notation of § 5, 
we have 

(12.15) Sijtc — Hjk + (2 — n) xfjjh — ipitj 

and _ 

(12.16) = <P kl -f- (n — 1) (ipik — ip kl ) . 

From (12.4) and (5.12) we have 

(12.17) n k = jQ k + ( n — l)xp k 

so that (12.16) is consistent with (5.14). 

As an example of the second theorem of this section we 
consider the asymmetric connection which can be assigned 
to a Riemannian space so that the geodesies be the paths, 
that there be n independent vector-fields of parallel unit vectors 
and that the angle between two directions at a point and 
the parallel directions at any other point be equal.* In order 
that the first two conditions be satisfied we must have 
respectively 

(12 18) Lj k = + S* ip k + VO + , 

where the Chnstoffel symbols are given by (1 6). and L] k i — O 
(§ 9), which m consequence of (5.3) and (6.2) are 

(12.19) R jk i + — <1 l jK l + <4 <> l hk — £2% £> l hl = 0, 

where covariant differentiation is with respect to the g’s 
and JRj k i are the components of the Riemanman curvature 
tensor. The third condition is rj tj k = 0, which are reducible 
by means of (12.18) to 

(12.20) 2 g v tpk + ffzk H>j -h cjjh •J’t + --jik + — 0 > 

where 

Bj*. = 9, h 

Multiplying (12.20) by g lJ and summing for ? and j?, and by 
ff tJc and summing for % and 7c. we find that 
* Cf Cartan and Schouten , 1926, 12 


3 
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(12.-21) if'j = 0 Si], ■= 0. 

and hence from (12.20) 

(12.22) .Q Jlk +S> l/h r= 0. 


When w e take the sum of the three equations obtained from 
(12.19) by permuting the subcripts cyclically and make use 
of known identities in the It’s, we have 


(12.28) Sf/I h Z + --jl --hk --jk --hi 


— S&S&j = 0, 


bO that (12.19) may be written m the form 
(12.24) R u u + + Qu <i lhj =- 0 . 


From thc.se equations because of (12.22) and well-known 
identities in R,,u c we obtain 

R»u --- / ('2 <> hu <A, + o') — <> )n , i>%) 

O 

and hence horn (12 24) 

(12.25) J (Xi/,„ Ii£i - S*h,hS£;,+ ii ht i Si 1 ;,,). 

Fiom (12.24) we hate 


With the aid of (12.22) and (12.25) we obtain 


(12.26) 


R)k, i = 0. 


A solution ot tli esc equations is fnnnshed by the Einstein 
spaces, that is. spaces for which R v = cg v , where c is a 
constant. When this condition is not satisfied, it follows 
from (12.26) that the spaces are a sub-class of those considered 
by the author!* (cf. 29). For further considerations of the 
preceding case see the paper by Cartan and Schouten. 

1926, 1. p 21 
r Of 1923, 3. 
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13. Tensors independent of the choice of Vv From 

(12.5), (12 9), (12.10), (12.4) and (12.17) it is seen that the 
following tensors are independent of the choice of the vector 
ipi in (12.1)* 

(13.1) = I}u + *SLh, 

(13.2) U jk i — ~d)si kl , 

Tv 

(13.3) Ljk+Uj, 

(13.4) T' k == Si' jK + (Si <2j - 6) Si k ). 

From (12.15) and (12.16) we have 

^ = — ^==t [ Sljk ~ iijk + 7T=r ( WjK ~ 0jk) ]’ 

Vjk — Vic , = ^ztt(®*j — 

When these expressions are substituted in (12.8), we And 
that the tensor of components 

Tju 3 - Si}u H — r (dl ii„ — Si S2 jk — 6‘ &rei) 

(13.5) ” 1 

+ jYi — 1) 2 ^' k <pjl — ^ 

is independent of the choice of From (13 5) we have 

by contraction 

(13.6) Tjui = 0, Tin = a*). 

Other tensors independent of the choice of are obtained 
in § 32. We close this section by establishing the following 
theorem 

A necessary and sufficient condition that a vector ip t can be 
chosen so that tensor Ljia be zero is that the tensor -Ajki be zero . 

* These results for (13 2), (13 4) and (13.5) are due to -T . M Thomas, 
1926, 3, pp. 667, 668. 
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Evidently it is a necessary condition. Conversely, if the 
condition is satisfied, we have 

( 13.7 ) -Lju + Lu = 0. 

Contracting for / and j, we have, using the notation of (12.10), 

sin + w Lu = 0 * 

From (5 3), (5.11), (5 14) and (12.13) we have 
(1 3.H) */u ~~ g x l (fik “t~ ‘ 

Hence equations (13.7) become 

VjU + [ 3 V + -” a) ~ 8^ (A + - Q/) ] = °* 

Comparing these equations with (12.5) we see that L]u — 0, 
if we take 

«"■ -- ~ *-(A+flO + ^r, 

where cr is any tunction of the a-’s 

14 . Semi-symmetric connections. In § 12 it was 
shown that parallelism with lespect to every curve in space 
cannot be the same for two symmetric connections. How r - 
ever. if for an asymmetric connection we have 

(14.1) ~ dj ft k — d' L a j , 

vlieie a, are the components of a vector, and we take 
U>, — — (h. then ii)k — 0 . as follows from (12.4). Con- 
versely, in Older that it be possible to choose i/h so that 
S*)k — 0. it is necessary that Si] k be of the form (14.1). 
Following Sehouten' we sav that the connection is sevm- 
symnwt) t> in this ca*<e. Hence i\ e have 


1 p (.0 
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A necessary and sufficient condition that par allehsm be the 
same with respect to every carve for two connections one of 
which is symmetric is that the other be semi-symmetric. 

From (12.4) it follows that, when a connection is semi- 
symmetrie, the other connections with the same parallelism 
are semi-symmetric with the exception of a unique symmetric 
connection. 

We establish the following theorem due to J. M. Thomas:* 
A necessary and sufficient condition that an asymmetric 
connection be semi-symmetric is that there exist a coordinate 
system for each 'point of space m terms of which any vector 
at the point and that arising from it by a parallel displace- 
ment to any nearby point are proportioned. 

If such a coordinate system y exist and X* are the com- 
ponents of a vector at a point P, then at a nearby point 
the components are X 1 — L)fX dy k . The conditions of the 
theorem are given by 

(L)u d? — Ujk di)1 J V dy K = 0. 

Proceeding with these equations in a manner analogous to 
that at the beginning of § 12, we obtain 

(14.2) L) k = 

From these equations we have 

2 -Qj k == ~ (dj L J L — dl Llj ) . 

9b 

Contracting for i and y, we have 

(14.3) = 

n 

and, the preceding equations can be written as 

(14.4) = 1 - 1 (dj T> k — 61 &j) - 

yb x 

Hence the connection must be semi-symmetric. 

* 1926, 3, p. 670. 
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Conversely, if a connection is semi-symmetric and x‘ are 
a. general system of coordinates and P is the point ot co- 
ordinates x\ when we effect the transformation 

(14.5) a? — 0^ + 2 /* — Y CT *) 0 y J y k + Wo y J y l - 
we have at P 


(14.6) 


/9a? \ = 
\dy I o 


lay dy k 


— ( / Jit)n+ 


T W W) 0 + WJ 


and from the first of these it follows that 


(14.7) W 0 = W 0 - 

Making use of equations of the form (2.1), we have. 

(L%\ = 

Since equations (14.4) hold for any coordinate system, we 
have in consequence of (14.7), 

C£,U = <5 W, 

from which (14.3) follows by contraction. Hence in the 
coordinate system defined by (14.5), the conditions (14.2) 
are satisfied. 

15. Transversals of parallelism of a given vector- 
field and associate vector-fields. If for a given vector- 
field V- the determinant | A* j | is not zero,_ a necessary and 
sufficient condition that the determinant | | tor A* = <pl? z 

be zero, that is, that the determinant 

(15. D | y r lj+ r|i 

be zero, is that 9 be a solution of the equation* 

*Cf. Kowalevski, 1909, 2, p. 84, Fine, 1905, 1, p, 505. 
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U5.2) 


<P 

)? 


3 y 
da ' 

Z\ 


a y 
dx" 


= 0 


X 


H 


L tl 


x n 


■» 


Moreover, the rank ot (15.1) is n — 1 for each solution 
Hence in considering any vector-field we assume that the 
components are changed by a factor y if necessary, so that 
| Z‘ i \ J | is at most of rank n — 1. We say that then the field 
is normal and that y is the normalizing factor. This is a 
generalization of a unit, or a null, vector-field in a Kiemanman 
space. For, in this case we have Z t Z\j = 0, and con- 
sequently \Z\j\ — 0. 

If the rank of | Z l u 1 is n — r, there are r independent 
vector-fields ih<o (« = 1. • , r) which satisfy 

(15.3) = 0 

and the general solution of (15.3) is 

(15 4) fi = .*p a fHeo (« = 1, • , >). 

where the ip's are arbitrary functions of the x s. 

When p 1 satisfy (15.3), the vectors X 1 are parallel with 
respect to each curve of the congruence defined by 

dx 1 dx n 

fd (Jb n 

as follows from (9.1). Moreover, it follows that the vectors A*y 
are parallel, whatever be y. Accordingly we say that each 
solution of (15.3) defines a congruence of transversals of 
parallelism of the field X\* 

When | A* /| is of rank n — r, we say that the field X 1 is 
general or special, according as the rank of the matrix of the 

* Transversals of parallelism for a surface m ordinary space were con- 
sidered by Bxcmchi, 1923, 6, p. 806. 
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last n rows of (15.2) is n—r+l or n—r. When the field 
is special, and also when it is general and r > 1, equation 
(15.2) is satisfied by every function y. When r— 1 and 
the field is general, equation (15.2) reduces to 


(15.5) 


t 1 


9 y 

8 x> 


j -- 


0 . 


Suppose that the field is general and that y is a solution 
of (15.5) when r — 1, or any function whatever when r>l. 
The equations 


(15.6) f* J ^\j + ** ~^j) — 0 


are satisfied by all vectors t* 1 defined by (15.4) for whicli 
the functions ip a satisfy the equation 

2r = °- 

If there were a solution of (15.6) not expressible in the 
form (15.4), then from (15.6) we have equations of the form 
A* = ci J l l \j, in which case the rank of the matrix of the last 
n rows of (15.2) is n — r. Hence when the field is general, 
all the solutions of (15.6) are expressible in the form (15.4), 
that is, on replacing A* by X l y no new congruences of trans- 
veisals of parallelism are obtained. 

When the field is special, the determinant (15.1) is of 
rank n—r at most and there are at least r independent 
solutions of (15.6). Consequently if y is such that not all 
of the equations 

f*U ~§§r = 0 (a = 1, . . . , r) 

are satisfied, there is another solution, say of equations 

(15.6). Evidently it is such that f*{ a+1) + 0 . If ju* is 

an\ other solution of (15.6) not of the form (15.4), on 



15 TRANSVERSALS OF PARALLELISM 


41 


eliminating A* from (15.6) and from the similar equations 
when y J is replaced by we have 


/»/, 


(<H 1) 


/' 


3 log </> 
dor K 


!•> 


f't • 


i) 


3 log 5 p 
3 / x ~ 


= 0. 


and consequently /d is expiessible linearly m terms of y' (ii) 
(0=1. ■ ■ . ) + 1 J. Hence for the given function y> all 
solutions of (15.6) are expressible linearly m terms of these 
■) +1 vectors. For another function, say y-i. there is at most 
one field /**„ + _ 2) other than fi\ a ^ (a = 1, • . i ) But in this 
case we have the equations obtained from (15 7; on replacing <p 
in the first term of tlie left-hand member by (j> t and through- 
out by / 4 • Consequently the change of the function 
does not yield new congruences of transversals of parallelism. 

Gathering these results together, we have 

When a vector-field is normal and the tank of j ?. Z {J /s 
n — r, there are i independent congruences of transversals oj 
parallelism , unless the > ante of the matrix of the last n roiv *> 
of (15.2) is n — r; in the latte) <ase the) e are ? +1 independent 
congruences of transvei sals, moreover, in either case any linear 
combination of the vectors defining congruences of transversals 
also defines such a congruence. 

When /.\j = A* oj , where <?j is any vector, the vectors A* 
are parallel with respect to any curve m the space (cf. §§ 9, 10). 

We consider the converse problem- Given a vector-field y l 
to determine the vector-fields A* for which the former is 
a congruence of transversals of parallelism. We assume that 
the coordinate system x l is that for which y ff = 0 (a = 2, • • •, n) 
In this coordinate system the equations (15.3) for the deter- 
mination of the A’s are 

( 15 . 8 ) 4 & + } - JL *=° 


Any set of functions A. 1 satisfying these equations are the 
components in the as’s of a vector-field with respect to which 
the congruence f 1 is the congruence of transversals. A set 

* 1926, 1, p. 5. 
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of solutions is determined by arbitrary values of A* for .r 1 ~ 0 
that is. by n arbitrary functions of a; 2 . • , x n . In particular 
the n sets of solutions A*«>. where «, for a = 1. n 
determines the set and i the component, determined by the 
initial values (A^Y 0 = <5«. are independent since the deter- 
minant I I is not identically zero. Moreover, from the 
form of (15.8) it follows that A* = y' X\ u) is also a solution, 
where the y's are any functions of OC » n OC* Hence we 
have 

For any congruence y 1 there exist n independent vector - 
Jields X\<t) utth r espect to which the given congruence is the 
tongntcncc of ti mister sals of parallelism- moreover, the field 

A' — f X\ct) (a — 1 . , n) 

possesses the same property, when the y s are any solutions of 
the equation 

1st = 0 

f dx 1 u ’ 

the coordinates x % being any u h at ever. 

When X l \j j is of rank n — r. the equations 

(15.9) v l = 0 

are satisfied by ■> independent covariant vector -fields 
,,<«) ( a __ j r)‘and the general solution is 

(15.10) n = 

where the ip's are arbitrary functions of the x's. We say 
that each such field is associate to the given field A* ic If the 
given field is general, there are r — 1 fields of independent 
vectors given by (15.10) for which v x A 4 — 0. and these fields 
are associate to the field A* y for every y satisfying (1 5.2). 
If. however, the field is special each of the fields (15.10) is 
associate to A* y, whatever be y. 

* By normalizing the field -we have that the rank is at most n — I and 
consequently there is at least one associate covariant field. 
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Iu like mannei the components n-> of a covariant field can 
be chosen so that the rank of [/t,|,| is n — r (-» 1 ) Any 

solution /* of 

** f't'j — 0 


gives the components of a field of coirtravanant vectors 
associate to the given field. s 

1 6 . Associate directions. Consider a field of non-parallel 
contravariant vectors of components A* and a curve C at 
points ot which the coordinates sc 1 are expressed in terms of 
a parameter t A family of contravariant vectors of com- 
ponents /i' is defined at points of C by the equations 


(16 1 ) 


<fxf_ 

d t 


i J 


— /'*■ 


It i*‘ — f{t) A * , the vectors are parallel with respect to C. 
AVhen this condition is not satisfied, we say that f are 
the components of the associate direction of A' with respect 
to 

If A 4 are replaced m (16.1) by A 4 y, where 5 p is any function 
of the a? s. and Ji 4 are the components of the associate diiections 
of the latter vectors, we have 

(16.2) + d J? t . 


In this way we get a pencil of associate dnections, detenmned 
by the given vector and any one of the associate directions. 
Conversely it is possible to choose a function 9 such that 
the associate direction of <jpA* is a given one of the pencil 
other than the direction A 1 . 

When the given vector-field has been normalized (§ 15). 
if necessary, and v t are the components of an associate 
covariant vector, we have v t — 0. Hence we have 

For a field of non-parallel contravariant vectors the associate 
directions with respect to a curve are pseudo-orthogonal to the 
associate covanant vectors of the field. 

* Phsenhart, 1926 , 14 
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In particular, if C is not a path of the space and X 1 are the 
components of the tangent to C , that is, A* = — , equations 

(16.1) become 


(16.3) 


d s a? , r t dor-) dx _ 

dt 2 Jk dt at 


If we change the parameter t, we get a pencil ot associate 
directions as m (16.2). We note that associate directions 
of a curve are independent ot the tensor iiju. The associate 
directions of the tangent are evidently a goueialization of 
the peneil determined by the tangent and first curvature normal 
of a curve m a Riemanman space (cf. § 24). *■ 

In a similar manner, if ?. t are the components ot any field 
of non-parallel eovariant vectors, the equations 


dx J _ 

at ~ 

define the associate covariant vector n t of with respect to 

the curve, unless the vectors are parallel with respect to 
it, that is, unless Pi — X t f(f). When X t is replaced by </ J 
where y> is an arbitrary function of the as’s, we get a pencil 
of associate covariant vectors determined by the given vector 
and any one of them. Moreover, we have 

For afield of non-parallel eovariant vectors the associate 
covancint vectors with respect to a cut i e in e pseudo-o) thofjonnl 
to the associate contracai tant lectors of the field. 

17. Determination of a tensor by an ennuple of 
vectors and invariants. Let denote the componentst 
of n linearly independent vectors in a coordinate system rr\ 
Then the determinant 

U7.1) x = \f w \ 

* 1926, 1, pp. 60, 72. 

t _As formerly the index with parentheses indicates the vector and the 
one without parentheses the component. This convention will be followed 
hereafter, and nniess stated otherwise the indices take the value 1, . . . , « 
moreover, the summation convention is nsed for both sets of indices 
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is not identically zero. We denote by X ( t a) the w* functions 
defined by the equations 


(17.2) 3™ k\p) = <$, 

as thus defined X^ is the cofactor X} a ) in X divided by X. 
In any other coordinate system x n the functions X'l a) defined 
by s.'[ a) X( 0 ) = dp are such that 


-,fW 

A t 


,(«) 


9 x 


Consequently X\ a> are the components of n independent 
covariant vectors. Furthermore, it follows from (17.2) that 


(17.3) 


0 («) 

A 2 ^(tt) . 


If we had started with the independent co variant vectors 
Xi ay , then equations (17 2) serve to define n independent 
contravanant vectors. Owing to the reciprocal character of 
the relations (17.2), we say that either set is conjugate to 
the other, and that the two sets constitute an ennuple. 
It is evident that an orthogonal ennuple of contravanant 
vectors in a Riemanman space* and the associate covariant 
vectors form an ennuple in the above sense. 

If a * l ] T are the components of a tensor, then the quantities 


(17.4) 


A 




V 



are invariants. If these expressions are substituted in the 
right-hand members of the equations 


(17.5) 


•i 


Js 



W \ 



these equations are identically satisfied because of (17.3). 
Hence we have 


* 1926, 1, pp 14, 40, 96. 
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The components of any tensor are expressible in terms of 
invariants and the components of an ennuple .* 

In. particular, we can express Siy m the form 


(17.6) 


_ q £ = of rji 4 ,) 


where are skew-symmetric in the subsciapts. 

We shall apply the preceding results to show that, it 
a{jk is a tensor such that a,jkKo) M<r) X%) — 0 for Q, o' and 
t not equal to n, then 

(17.7) (tijh = Xf ctjk -f- bki + hjc ' <\j , 


where ay, by, £j are tensors. In fact, if we write a v u m 
the form (17.5), that is 

a tl k — Cf' l }y ^iT\ 

we have that coax = 0. Hence (17.7) follows, where 
aju = c na <j Xj ft) l]f and so on. 

Any other ennuple XU, >4°° is given by 


(17.8) X{ a) = «“ XU , A< ff) = Aa X\ tt) , 

where the determinant j a% | is not identically zero, and the 
a J s and A’s are invariants in the relations 


(17.9) 


V 4 ~ 

( 1(7 


&G 




as follows from (17.2). If c° x are the invariants for the 

M T a 

tensor rrj* £ with respect to this ennuple, we have 


(17.10) 



1 



« 


Q 

rt i 



A a j at' 



When for a given coordinate system we take 


(17.11) XU = , 

* Cf. 1926, 1, p. 97 



then 

(17.12) 
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i (a) jiC' 

0 Z y 

as follows from (17.2) or (17.3) For this particular ennuple 

we have from (17 5) 

(17.13) a)\ X = 

that is, any component of the tensor m this coordinate 
system is equal to the invariant with the same indices as 
the component. We call the ennuple (17.11) and (17.12) 
the fundamental ennuple of the given coordinate system. 

18. The invariants yf c of an ennuple. For a given 
ennuple the invariants yf a defined by 

(18.1) Yu a = 

are a generalization of the coefficients of rotation of an 
orthogonal ennuple in a Riemanman space, as defined by 
Ricci and Levi-Civita. ' 

From (18.1) we have because of (17.3) 

(18.2) /(«> , = Yu a 

If equations (18.2) be multiplied by and summed for 
/«, the resulting equations are reducible by means of (2.2) to 

(18.3) iXj = - u“> + ry. >r ' . 

Conversely, if we have any ennuple and a set ot invariants 
Yp a and we define functions L\j by (18 3) and L'jy by 
corresponding equations for any other coordinate system 
as' 1 , we find that equations (2.1) are satisfied. Hence we 
have: 

An ennuple of vectors and any set of invariants Yjf a de- 
termine a connection ; and any asymmetric connection is so 
determined 5.t 

* 1901, 1, p. 148, cf. 1926, 1, p 97. 
f Of. Levi/, 1927, 1, p 307. 
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When in particular, we take tpa = 0, we have from (18.3) 

(18.4) Q X J 
and from (18.2) 

(18.5) == 0.* 

Consequently the n fields of vectors /<«) are parallel fields 
and hence j Ljki = 0 (§ 9). Conversely, if the latter condition 
is satisfied, we can choose n linearly independent vector- 
fields satisfying (18.5) and consequently we have (18.4). 
Hence we have. 

A necessary and sufficient condition that the curvature tensot 
Z/j k i of a manifold with asymmetric connection be zero is that 
the coefficients of the connection be expressible m the foi m 
(18.4) in terms of an ennuple. 

From the form of equations (2.1) we have 
If Ljk are the coefficients of a connection, so also are 
Ljk + ajk, where a jk are the components of an arbitrary tensor. 

As a consequence of this theorem we have that for any 
ennuple the quantities 

(18.6) = 

are the coefficients of an asymmetric connection. For from 
(18.4) and (3.3) we have 

(18.7) Uj = Ljh = Lhj + 2 £2jh . 

For the connection defined by (18.6) we have from (18.3) 

(18.8) r/V = JU« 

from which it follows that yfc is skew-symmetric m /<- and a. 

Equations (18.7) show that for the connections (18.4) and 
(18.6) to be the same, it is necessary that L\, be symmetric 
in h and j. In this case equations (18.5) become 
* Of. Weitzenbock, 1923, 2, p. 319. 
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(18.9) 


18. THE INVARIANTS Y,/c 0P AN ENNUPLE 
X(ct'),j ■=■ 0 . 


where the covariant differentiation is with respect to the J'\. 
Then from (9.6) and (5.8) we have B) ]d = 0. Conversely, 
when these- conditions are satisfied, equations (18.9) admit 
n linearly independent fields of vectors parallel with lespect 
to the jT’s. 

From (18.3) it follows that a necessary and sufficient con- 
dition that Yii'a be skew-symmetric in the indices /< and a 
is that 


Lij ~f" Ljj, — — [l-h' ! 


_9 1(«) _j_ , c«) 9 Xup 1 
"9.W 1 Kj dec* 1 / 


This is the symmetric part of either of the coefficients (18.4) 
or (18.6) and consequently satisfies (5 6). In consequence 
of this result and the above theorem we have* 

A necessary and sufficient condition that the tnvai tanfs Yu a 
he shews ymmeh zc in the indices y and cr is that 


(18.10) 





+ K 


(a > 


9 hy e) 
dzf 



whe) e S2hj is an mhitrcay tensor shea symmetnc in h and /. 

If we denote by the covariant derivative of /.(«; for 

the connection defined by (12.1). we have 


from which it follows that 


If a: 


(«) 1 1- 


' 1 k) - 11 1 !'k * 


Consequently the mixed tensor 


as ii) au 7c — — x{ c) x j i(}) , 7 . 

is independent of the choice of the vector y>, . ’ The same is 
true of the tensor 


4 
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,<«> 1 -.(a) .j .(a) 

X% | k A t /.(fl) Aj | u • 

If equations (18.11) be multiplied by A?oo, and * and k 
bo summed, we find that the invariants 

(18-12) 

are independent of the choice of the vector ipi in (12.1). 
Conversely, if we have two asymmetric connections L) k and 
L) k for which the invariants (18.12) are equal for a given 
ennuple, it follows from (18.3) that 

p/.W". 

which evidently are of the form (12.1). Hence we have- 
A necessary and sufficient condition that parallelism be the 
same for two different asymmetric connections is that the 
corresponding invariants (18.12) for a given ennuple be equal 
for these connections 

iq. Geometric properties expressed in terms of the 
invariants y^ a . In order that the vector-field l\ a ) of an 
ennuple at points of each curve of a congruence be 

parallel with respect to the curve, it is necessary and 
sufficient that 

MjS) A(a) i j = Q A(a) . 

By means of (18.2) these equations are equivalent to 

(/«>— = 0 . 

Hence we have 

A necessary and sufficient condition that the vector-field 
of an ennuple be parallel with respect to the curves of a 
congruence is that 

(19.1) Yu ft = 0 (v = 1, • • - , w, v =f= «). 

As a corollary we have: 
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A necessary and sufficient condition that the curves of the 
congruence of an ennuple he paths is that 

(19.2) yfa = 0* (v = L. , n, v «)• 


If we 

use 

the 

notation 


(19.3) 



3/ _ 
df “ 

■ L 1 d S 

<"> d X 1 ' 

then 

/ 

a 

9 

9 9 

V 

l 

dt“ 

9 t& 

9 tP 9 t a 

(19.4) 

= 

3/ 

dx J 

(A(«) xipnz — 

Kp) k(ay t -j- 2 A(oj) /<Js) Qik) 


= 

(rf« 

Va p + 2 £Oc p) g y , 


in consequence of (18 2) and (17.6). These equations are 
generalizations of equations due to Ricci and Levi-Civitai* 
in Riemannian geometry. As an application of these equations 
we seek necessary and sufficient conditions that p of the 
congruences of an ennuple, say ). (a = 1 . , p), generate 
a system of oo n ~r> varieties V p . In this case the equations 

(19.5) mo = 0 (a = 1 . • . p) 


must form a complete system. From (19.4) we have 

A necessary and sufficient condition that the congruences 
Xlo for a = 1 , * • * , p generate a system of oo n ~P varieties Y p 
is that 

(19.6) V « — + = 0 

{a,fi = 1, • -,p\v—p + 1 •••.%) 

As a corollary we have 

A necessary and sufficient condition that ther e exist a 
coordinate system such that the curves of the congruences of 

* Of 1926, 1, p. 100. also, Levy, 1927, 1, p 308. 

1 1901, 3, p. 160: cf. also 1926, 1, p 99 


4* 
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tin ennttple be coordinate lines is tJiat equations Cl 9.S) hold 
foi all distinct values of a, fi and v. ' 

We say that a congruence X z is pseitdonornictl to a family 
of hypers urf aces J ( r 1 m , oc 32 ') = const., if 


J-z 


/* 


dec* ‘ 


From the preceding results we have 

-4 necessary ancl sufficient conch tion that a ccnzgi ucnce X^ l) 
of an enmtple be psendonortnal to a family of Izyperszvrfaces 
is that 

(19.7) r „ n 0 — »>“.. + 2 »s„ = o <«, & = 1. , ra l).-i- 

These two theoiems for the case of a symmetric connection, m which 
case = O, are due to 1927, 1, p. 308. 

t Of 1926, 1, p 115 



CHAPTEK II 
SYMMETRIC CONNK CTIOYS 


30. Geodesic coordinates. When a coordinate ^vstem can 
be chosen for which the coefficients of the connection vanish 
at a given point jP(a'), the vector at any nearby point 
+ cl f') parallel to a given conti av a riant vectoi at _Z y lia> 
the same components as at J-* to witlim teims of the second 
and higher orders, as follows from (7.1). It m equations (2.1 ) 
we put u>. =~= O. a\ e see that a necessai \ condition is that the 
coefficients m anv other coordinate system be symmetric at 
Tn order to show that this condition is also sufficient, w o 
imagine that the space is ref ei red to a geneial coordinate 
system and wo consider the transtoimation of coordinates 
defined b\ 


( 20 . 1 ) 


,,J o V^A/>0 ' r 


Vi* 


where V** are ;uii functions of the cc r ~ s such that they and 
their first and second derivatives are ssero when the oc '* s are 
/cr<i Fi om (20 1) we lia\e at T* 


( 20 . 2 ) 


' aa." K 


-- <c. 


( 


3- t- 
d ot rJ ? / 



iSj\) O 


From these expressions and equations (5.0) we liave at 1~* 


(20.3) 


- <> 


< ’onsequently any coordinate system defined b\ <20 1 ) possesses 
the desired property. Hence w r c have 

HV/em. find oiU nheu- rtf a jjomf f/t( • * ' / //' <>f ft < r *>t- 
j+t't m r 'ii/mwKjtnr m Iht* ^aljstn < tu>j tf / n*rfc m*. * *tn 

Of 192t> 1 1) 5G. 
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be chosen, with the point as origin , such that the coefficients 
ate zero at the point. 

Weyl* calls a connection affine, when at every point a 
coordinate system exists for which the components of a vector 
in this coordinate system remain unaltered by an infinitesimal 
displacement, to within terms of the second and higher orders, 
but we use the term affine for asymmetric connections as 
well (cf. § 7). 

An y coordinate system for which (20.3) is satisfied has 
been called geodesic by Weyl. From the foregoing results it 
follows that if the coordinates x l are geodesic for a point 1 > 
as origin, other geodesic coordmate systems with the same 
origin are defined by 
(20.4) x = d* x' J + iff * , 

where the ip's are of the character appearing m (20 1 ). 

It is evident that at the origin of a geodesic coordinate 
system fiist covariant derivatives reduce to ordinary derivatives. 
Consequently the use of such a system frequently makes for 
considerable simpkfication m any problem involving first co- 
variant derivatives. Moreover, when the results of such an 
investigation are stated in tensor form, them generality is not 
conditioned by the use of the particular coordmate system. 

Symmetric connections are characterized by another proper ty. 
Consider a point P(4) and two infinitesimal vectors d x % l and 
diX 1 at P, and denote by P x and P a the points of coordinates 
a} + di x 1 and x* + d» ? 1 respectively When the vector d x / ? 
undergoes a general parallel displacement to P 2 , its components 
at P 2 are d t x* + d* d 1 x l + L)h d x jt J d 2 a k , and the coordinates 
of the point P 2J at the extremity of the vector are 

1 + d% u ‘ -f- d\ x -)— d-2 di a 1 4 Pjk d\ ■> J d s x' 

Jn like manner when the vector d$ x‘ undergoes a parallel 
displacement to P x . the coordinates of the point P,_. at the 
extreinitv of the vector aie 

x -\-d t x + fh / -f- di d t t 1 -t Uju <h x J d\ / \ 

'1921. 1, p. 112 
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Hence a necessary and sufficient condition that P 12 and P 2l 
coincide is that Ljk he symmetric in j and 7c, that is 3 that 
the connection be symmetric.* 

2i. The curvature tensor and other fundamental 
tensors. In § 5 it was seen that the quantities 


( 21 . 1 ) 


B)u = 


dr 1 


ji 


9 r* 


^ ~ Jk i r*rt ti t r>n. z 

— r 1 jl * hk — * Jk 1 hi 


d a 1 


are the components of a tensor This tensor arises when 
we express the conditions of integrability of equations (5.6). 
In tact, these conditions assume the form 


( 21 . 2 ) 


dx' p dx ' 9 9 x ,r ^,3 dx ,s -ni 

9 x-> dx* 3x l ^ P9> ~~ dx 1 <jU ’ 


from which equations the tensor character of JBju is apparent. 
This tensor is a generalization of the Riemannian curvature 
tensor of a Riemannian space and we call it the curvature 
tensor of the space with symmetric connection. 

From (21.1) it follows that Bjia is skew-symmetric m A 
and l, that is, 

(21.3) Bj,u + B) lk = 0. 

Also the components satisfy the identities 

(21.4) Bju + Bhj 4 - B\jh = 0. 

This result is readily proved by choosing a geodesic coordinate 
system at a point P. In this case at P all of the Z”s are 
zero and (21 4) can be shown to hold at Pm this coordinate 
system. Since this is a tensor equation it holds -at P m any 
coordinate system. Moreover, as P is any point, it holds 
throughout the space. 

In like manner at a point P in a geodesic coordinate 
system with P origin, we have 

Cf Weyl, 1921, 1. p. 107. Leti-Cuita, 1925, 5, p 135. 
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= 9 2 ^ _ 

Jkl ’ m daF dx m dd dd n 

as follows from (21.1) and (6.1). Consequently 

(21.5) m + Bjim, k + -Bjmk, l = 0. 

Since these are tensor equations, they hold throughout space 
in any coordinate system. They are evidently a generalization 
of the identities of Bianchi for a Kiemanman space, and are 
called the identities of Bianchi for a symmetric connection * 
In a similar manner the following identities due to Yeblent 
can be established- 

Bjjd,m + B\jm, 1c -|~ Bmlk,j + B kmjt i = 0 + 

22. Equations of the paths. In § 12 it was shown 
that parallelism throughout a space with symmetric connection 
is uniquely defined, that is, that it is not possible to have 
two symmetric connections with respect to which parallel 
directions along every curve in the space are the same for 
both connections, thus each symmetric -connection is a un- 
ique affine connection. However, as a corollary of the third 
theorem of § 12 we have 

The paths are the same for two symmetric connections whose 
coefficients are tn the relations 

(22.1) 1 % = rf + dj ihu + dl if'j . 

where if), is an arbitrary covariant iector.% 

The paths are a generalization of the straight lines of 
euelidean space. Accordingly the properties of the space 

* Cf. Teblen, 1922, 5, p 397, Schouien, 1923 7 
fL, c., p. 197. 

t It is evident that the results of these two sections apply not only 
to the case of symmetric connections, but that they apply also to the 
symmetric parts of any asymmetric connection. 

§ Weyl 1921, 2, p. 100; cf. also JEisenhai t, 1922, 2 and Teblen, 1922, 3. 
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which depend upon the paths and not upon a particular affine 
connection of the set (22.1) constitute a 'projective geometry 
of paths, whereas those depending upon a particular affine 
connection constitute an affine geometry of paths, fn this 
chapter we consider the latter and postpone to the next 
chapter a study of the former. 

If we have a particular path, that is, an integral curve 
of equations (7.G), then 


( 22 . 2 ) 


d*x l , dx J dafi dod 

dt* Jk ~di~ ~dT ~ Cp ~W' 


where y is a, 
parameter s by 

(22.3) 


determinate function of 


~ = cJ ,pdt 

dt 


t. 


If we define a 


where c is an arbitrary constant, equations (22 2) become 


(22 4) 


d 1 x z . 2 djcJ_ dod c 

ds s jL ds ds 


= 0 . 


Thus the parameter s for a path, which we call an of pm* 
pa t ameter. is the analogue of the arc s of a geodesic m a 
Kiemanman space.' It is evident from (22.3) or (22 4) that 
if s is any affine parameter, the most general one is given 
i>y as -fib where a and b are arbitrary constants. Furthei- 
more, by means of equations (5.6) we can establish the 
theorem (cf. § 38)- 

When the coot d mates a? undergo a general t> ansjonnatum, 
an affine parameter is not altered. 

From the form of equations (22.4) it follows that a path 
is uniquely determined by a point P 0 of coordinates /*, and 
a direction at P 0 . In fact, if we put 



where a subscript zero indicates the value at Po. we have 
from (22.4) 

’■ 1926, 1, p 50 
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( 22 . 6 ) 


a* = + 5* * — (r Jl)o * k 52 + 


+ 



the coefficients of s 3 and Jiigher powers of s being obtained 
from the equations which result from (22.4) by differentiation 
and reduction by means of (22.4). Thus we have 


d s x l . t dx J d% K d x 1 

ds 3 jkl ds ds ds 

d 4 x l . j,i da J dx' { dx } d:x m 

IP ' + jU,n ds ds ds ds 


where 

(22.7) 



' _d 
i dx l 
' 0 
, 0 X 1 


•r-y? ftZ 

1 jh 1 Ik l jl 1 Ji 

rj k - 2 Tjr JTklj . 



and in general 

(22.8) rj ra mp = - (A'— 1 )/’/;. m /’/,,] 


P before an- expression indicating the sum of terms obtained 
by permuting the subscripts cyclically and A" denotes the 
number of subscripts. Hence we have in place of (22.6) 


(22.9) as* = *» + ?**- 9 


The domain of convergence of these seiies depends evidently* 
upon the expressions for and the values of g 1 . However 
for sufficiently small values of s they define a path, that is 
an integral curve of equations (22.4). 

23 * Normal coordinates. In § 20 we saw that for 
a given symmetric connection there can be chosen coordinate 

* These results are an immediate generalization of a similar treatment 
for geodesics in Riemannian geometry 1926, 1, p 52, cf Vcblrn and 
T. Y Thomas, 192*3, 1, p 560 
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systems for any point so that at the point the coefficients 
/ja, are zero. In this section we wish to establish the existence 
of a class of coordinate systems possessing this property 
which are a generalization of Riemanman coordinates m 
a general Riemanman space.' They were considered first 
by Veblen,t who has called them notmal (oot dinettes 

Let C be a path through a point P 0 , and s an affine 
parameter of the path which is zero at P 0 , then the con- 
stants ‘i l are uniquely defined by (22.5). To each point of C 
we assign coordinates y 1 by the equations 

(23.1) if = § l s. 


Since equations (22.9) define the path in the x’s, between 
the r’s and y’s at points of C we have the relations 


(23.2) a' = x\Ary % — ~ ( /’\) 0 y J '; u ) 0 y J y k y 1 


If we assign coordinates in this manner to Jhe points on all 
paths through P 0 m a domain, such that no two paths meet 
again within it, we have a cooidinate system y l in the domain 
Moreover, equations (23 2) ape the same for all paths and 
consequently are the equations of the transformation of co- 
ordinates, P 0 being the origin for the y s. Since the jacobian 

! Q 

— — - of these equations is different from zero at P 0 , the series 
I o y J 

can be inverted, and w T e have 


(23.3) V' — & ~ K + F*(x l — z-l, - • , — a" ) . 

where P* are series in the second and higher powers of 
(x J — x 0 J ) for j = 1, n. Comparing (23.2) with (20.1) we 
See that the y’s are a particular type of geodesic coordinates , 
we call them normal coordinates. 

From the definition of the y’s it follows that (23.1) are 
the equations m finite form in the y’s of the paths through P 0 . 

* 1926, 1, p. 53 

1 1922, 5, p. 193, also Veblen and T. Y. Thomas, 1923, 1, pp. 562—566. 
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Consequently the equations of the paths through the origin 
of a normal coordinate system have the same form in these 
coordinates as the equations of straight lines in euclidean 
space m cartesian coordinates. 

If we denote by Cjk the coefficients of the connection m 
the y s, the equations of the paths m this coordinate system 
are 


(23.4) 


rZV 

ds 


(}y J ' " t/ __ 

'7 » s ' J, ‘ (Is ' 7 D 


dy k 

ds 


0 


Since these must be satisfied by (23.1), we must have 

(23.5) Cjl 'i J t =■ 0, 
and on multiplication by 5 s 

(23.6) CJ K y J / = 0. 

which equations hold thioughout the domain. Conversely, if 
these conditions are satisfied, equations (23.4) are satisfied 
by (23.1) and consequently the y’s are normal coordinates. 

When we apply to (23.4) considerations similar to those 
applied to (22.4) which led to (22.9), we obtain 

? 

y 

(23.7) 


where < ^ are defined by equations of the form (22.8). 
Since these expressions must be equivalent to (23.1), we 
must have 

(23.8) (Cjk) o = 0 
<md 

(23.9) (6-;, , j( ) 0 = 0 

for all values of p. Equations (23.8) follow also from (23.5). 
since the S’s are arbitrary. 

From (23.8) also it follows that normal coordinates are 
a particular class of geodesic coordinates (§ 20). 


\ (Cft)o S' t o 2 — 3, (Cjiih ^ f s 3 - 


1 


p i ',A> $ 
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If instead of a general coordinate system x l we take a.ny 
other coordinate system x' 1 and proceed as above and denote 
by y n the normal coordinates thus obtained, we have m place 
of (23.1) 

_ I dx n \ 

J ( ds )o S 

for the equations of the paths. Since 

(28.10) 

where the ct’s are constants, we have 


/ dx n \ 

(dx /l 

dx J \ 

\ ds ) o 

( dx-> 

ds )o 


a j » 


(23.11) y n = a] y J . 

Hence we have 

When the coordinates x % of a space ate subjected to an 
arbit? ary analytic transformation, the normal coordinates 
determined by the x’s and a point undergo a linear homo- 
geneous tr ansfor motion with constant coefficients. 

From the definition (23.10) of the a’s it follows that when 
a transformation (23.11) of the normal coordinates is given, 
corresponding analytic transformations of the x’s exist but 
are not uniquely defined. 

From the form of (23.11) it follows that normal coordinates 
are fundamental in the affine geometry in the neighborhood 
of a point. 

If we differentiate equation (23.6) with respect to s along 
any path, make use of (23. 1 ) and multiply the resulting 
equation by s, we obtain 

(23.12) C; kl y J y K y l = 0, 
where 

(23.13) ««-T P (l if}' 


P indicating the sum of terms obtained by permuting j, 
and l cyclically. Proceeding with (23.12) as was done with 
(23.6), we get a sequence of identities of the form 
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(23.14) r; t Jt v J ' y Jr ~ z 0. 

where 

(23.16. t£ * - ] 

As thus defined the O ’ s aie symmetiTC m the subscripts and 
they are the functions in the normal coordinates y 1 for whicli 
the corresponding functions m the cr’s are given by (22.8). 
From (23.13) and (23.15) we obtain 

_ 2 ( a 2 Cjl \ 

Ujklm ~ 3-4 * [dt/dy™! ’ 


8 indicating the sum of the six terms obtained by the per- 
mutations of the subscripts, y, k, l, m, which do not yield 
equivalent terms. In general, we have 


(23 ie) cj, Jr 




-2 syZ 


3 y 


Js 


dy 




in this case S indicates the sum of r(r — 1)/2 different tenns. 

If y l are a system of normal coordinates with a point P 
as origin and y n are the normal coordinates corresponding 
to the y’s with the point P' , of coordinates dy‘, as origin, 
we have from (23. 2 J 

y = cly +y — -s- C jlc y y 

(23.17) 

1 / , >3 fj /k tl i 

— gj Cju y J y' y - f 

where C] k and so forth are the values of the correspond) ag- 
e’s for the y’& at JP / . Because of (23.8) we have 


C] k = 



9 2 \ 

ft ylQ ym. ) 0 


dy 1 dy m H . 


24* Curvature of a. curve. Let C be any curve in 
a V n , not a path, the coordinates x 1 being expressed in terms 
of a general parameter t. The equations 
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(24.1) 


d a x l , Tl dx J dx Je - , 

dt a + ^ Jk dt ~dt ~ ** 


define a contravanant vector (S. If we change the parameter t, 
we get in general a new vector, which is of the pencil 

determined by ,u* and — ^ - - . We single out one of these 

vectors by choosing for the parameter an affine parameter s 
of the path tangent to C at a given point and we choose s 
so that s = 0 at P. Accordingly we write 

d s x l , Tt dx J do K / 

d? + hjk ~ds ~ds ~ fl ' 


which m fact are equivalent to 


(24.2) 


d a cd . dx J dxP 
~ds r ~^ jk ~dT ~d7 


that is, the vector p 1 is not affected by the choice of the 
tensor Sl) k Since s is determined to within a constant factor 
(§ 22), the same is true of 

If we take for the a’s a set of normal coordinates with 
origin at P, these equations reduce to 


(24.3) 


d~ x % 
ds* 


— t * 1 


These equations are an evident generalization of those in 
euclidean three-space which define the first curvature vector 
of the curve at JP. Accordingly we call defined by (24.2) 
in general coordinates the first curvature vector of the curve at P 
From (24.3) we have for C 

(24.4) ds* = s + s* + •» 

and the equations of the path tangent to C at P are 
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Consequently the values of p l at P determine the departure 
ot the curve from the path at a point near P. 

It is readily shown that 

The surface formed by the paths through a point of a cm ce 
m the pencil of directions determined by the tangent and , first 
eu nature vectoi to the curve at the point oscidates the ciuie 
25 . Extension of the theorem of Fermi to symmetric 
connections. The following theorem was proved for Rie- 
mannian connections by Permit and in this section is estab- 
lished for symmetric connections 

For a spate with a symmetric , connection it v> possible to 
< house a coordinate system mth respect to which the coefficient 
Tjk cue zero at all points of a curie, or of a portion of it. 

Suppose that the curve C is defined by x' — (t) and 

that at a point P 0 of it we take n — 1 independent vector* 
tin, for a — 1 . • n — 1 , which also are independent ot 

the tangent to the curve, that is, at P 0 the determinant 


A 


1 

a) 




n 

(l) 


(25.1) A 


A(n— IV * 


SP 



is different from zero, primes indicating differentation with 
respect to t. From these vectors we obtain n — 1 families 
of vectors X\ct) by parallel displacement along C. It follows 
from continuity considerations that there is a portion P of 
C about P 0 for which A ^ 0 . At P 0 the components of any 
vector depending upon the given n — 1 vectors are of the form 

(25.2) A* = A a XU (« = !,.., n — 1). 


If this vector undergoes parallel displacement along C, we 
get a family of vectors whose components at each point are 
' Cf. 1926, 1, p 62. 

1 1922, 7, the method followed is an. adaptation of a proof of the 
theorem for Biemannian connections given by Levi-Civita, 1926, 4. 
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given by (25.2) in which the 4,’s remain constant. Since 
any point can be taken as Po, the components of any vector 
at any point in the (n — l)-fold of vectors at the point can 
be expressed in the form (25.2) 

If we put, 

(20.3) A(n) = 9° “T 1(c) f a (t) 

and express the condition that the functions A* n) are a so- 
lution of (7.1), we have 

(25.4) 9 + X U f*' = 0, 

where are defined by (24.1). In the region JS, functions 
a(t) and a a (t) ean be determined such that 

(25.5) = atp 1 + , 

since A + 0, and tne functions f and f a are determined by the 
quadratures 

(25.6) / = ce~$ adt , f a — — J/a“ dt + c^, 

where the c’s are constants If in particular the given curve 
is a path a° = 0 for a = 1, • , n — 1. 

Consider at any point P of C the (n — l)-fold of vectors 
defined by (25.2) and the paths of the space through P in 
these directions. The locus of these paths is a Y n — i. The 
equations of any one of these paths are 

(25.7) a. 1 = y 1 (0 A c< l(eo s 2 (Yj/c)i>A a !(«) AP s a -j-- •, 

where t is the value at P of the parameter along C. (Pjfc)p 
ai'e evaluated at P and s, the affine parameter of the pat\ 

d 35 ® % 

is chosen (§ 22) so that at P we have = A a 1(«) . 

•A new set of coordinates y 1 is assigned to each point of C 
by means of equations 


p* = W, 


5 
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where the xp's are any continuous functions of t. In like 
manner along each path through P we associate coordinates 
y 1 with each point by means of the equations 

(25.8) y a — V* (<) + A u s, y n = ty n (t), 

where the A’s are the constants in (25.2) which determine 
the direction of the path at P; thus s = 0 at P. We 
assume that *p n ' + 0, so that the last of (25.8) can be written 


(25.9) 


t = 6{y n ). 


We eliminate the J.’s from (25.7) by means of (25.8) and 
replace t by its expression (25.9). This gives equations of 
the form 


(25.10) 


— \ ( r Jk) /•(«) 4 ) (y“— v#)+ ■ 


where the JL’s, tp’s and (/)&) are functions of ?/". If this 
process is followed out at each point and for each direction, 
we have coordinates y l associated with every point of the 
family of Y n —x ’s as defined, and equations (25.30) are of the 
same form for all the points. At points of C, that is where 
y a = ip u , the jacobian of (25.10) is reducible to 6 A or A/ip n> , 
where A is given by (25.1). Hence for a domain of the 
space in the neighborhood of the portion R of the curve for 
which 4 + 0, equations (25.10) define a transformation of 
coordinates. 

If we denote by the components in the y’s of the 
vectors we have at points of C, by means of (25.10). 




T j _ y 3 


r» (dF l 


clip? 


When these equations are written in the form 

Afi) (A<?) — d c ) -f- (tp l — A[i) — 0? 


)• 
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we have that 

(25.11) Tw o = ft • 


In order that 

components 

(25.12) 


a family of vectors 

l(n) 


'/Jin) may have the 


m the y' s, it is necessary that 


/•(n) 


/• in) 


dx l 

dyJ 


dx l , ,, 

~ ~dy* ~ (sP ~ Xict) 


*“'> *n> 


Comparing this result with (25.3), (25 4) and (25.6). we see 
that, if m the above definition of the y ' s we take 


Xpri — 


1 

f 


= ipn' fat 


where the f’s are given by (25.6), then the components in 
the y s of the vectors (25.3) will have the values (25.12), 
and will be parallel along the curve because of (25.6). 
From (25 10) we have at points of C 


dx l 

3 V 


j * 

><■(«) , 


9 2 ^ 

9 y a 9 ij? 


- k 


jk) Me) 


, r t v 9 x J dx k 
1 Jk) 9 y“ 9 yp- 


Hence from equations of the form (5.6), we have m the y s 


(25.13) i'l>p = 0 («, >5=1, • , n — 1, i = 1, • •, n). 


Since by hypothesis the vectors of components (25.11) and 
(25.12) are parallel along C, we have 


ji 


dy l 
cl t 


= Q. 


If j = 1, n — 1, we have m consequence of (25.13) and 
ifj n> + 0, that r« n — 0. and then for j = n that r£ n = O. 
Consequently we have established the theorem. 
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We observe that only the first three terms of (25.10) have 
entered m the above discussion. Consequently, any expressions 
differing from (25.10) m terms of the third and higher orders 
of (yu — yja) define transformations of the desired type. 

26 . Normal tensors. Because of the conditions (23.8), 
when the functions C% are developed in powers of the y’s, 
we have 


Cf 


(26.1) 


>jk — 


4/w y l + \ h y 1 y l * + • • 

+ Jl A J*h irP 1 --'y lrJ r 


where 

(26.2) 


Aju t i T = ( 


d r Cj k _ 


3 y 


1 - 


3 y 


r). 


From the equations of transformation (23.2) we have 


(26.3) 



In consequence of the first set of these equations it follows 
that, if at the origin the numbers (26.2) are taken as the 
components of a tensor m the y' s, the components of the 
same tensor in the x’s have the same values. 

If we take any other coordinate system x n and the corre- 
sponding normal coordinates y n with the same origin as above, 
we have a new set of constants defined by 


(26.4) 





l \ 

\ 3 y 1 ' ... 3 y ,lr /„' 


We will show that the -4’s and A f, s are the components of 
the same tensor m the y’s and y '~ s respectively, and also in 
the x's and x’s respective! v. From (23.11) it follows that 


(26.5) 


8 „.n 

y 

dyJ 


a 1 

u j ' 


3 V* 


3 y J 3 


0 . 
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Consequently the functions Cj% and Cji satisfy the relations 
£cf. (5.6)] 

(26 6} C? - — O'J ^ 2/ ^ dyj^_ 

(26.6) Gjk Q — Cfr g , . 


Since a* m (26.5) are constants, we hare from (26.6) by 
differentiation 



d r Cjl 

dy n 



(26.7) 

d y h • • - dy lr 

dy “ 

d r t% 0 ij? 8 y r 

dy' a > 

dy*' 


0 y* 1 • -0 y' a * dyJ dvf- 

dij h 

d y 1 ' 

At the 

origin of the 

two sets of normal coordinates 


(26 8) 

( dx l = 

\ dx J ' o 

tdx n dy? dy a \ 

\ 3 y? dy a 3 x J / o 

n ft 

dy 

dy J ’ 



in consequence of (26.3) and similar equations. Consequently 
at the origin we have from (26.2), (26 4), (26.7) and (26 8) 


4k 


dx' 1 _ n Ox? dxJT dx' C , 

l ’ dx a ~ §r<! ' a * dxJ 0aA q x 1 i 


dx^_ 

dx* 


Hence if at each point in space we obtain the numbers 
4k i r and A 'p rffl c T by the processes (26 2) and (26.4), 
these are the components in the x’s and x'’s of a tensor. 
Being defined at each point of space, the A’s and J/’s may 
be regarded as functions of the x's and x r, s In fact, we 
shall show presently what the functional forms of certain 
of them are. Following Veblen and T. Y. Thomas, who 
have developed this theory, we call them normal tensors. 

If we differentiate the equations 


(26.9) 


da? 9 2 a? , dx? dc rtf' 

Cjk Jy* '~ dt/Jdy* _r & dyJ dy k 


* 1923, 1, p 567. 
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with respect to y 1 and make use of (26.3), we have at the 
origin 


(26.10) 


A)u = 



Since any point may be taken as the origin, equations (26.10) 
define Ajm throughout space. If we differentiate (26.9) with 
respect to and y m , and proceed as above, we obtain 


Ajklm 


(26.11) 


rjic d rfh r.h 0 Ih/e r h 

9 afdaf* ~ Jklm daf km da! jm 


0 Fh j-,h 

dx m Kr 


0 rjik h 

*ji — 


0 fjk T*h 

da* Llm 


dx m 

pt rth I J A p2 | ih> pi 

Ijik* jlm. “T” Ajkl * hw i i -A-jkm ■» hi 

4- n r (rji r km + r? m r& . 



By continuing this process the components of a normal tensor 
of any order can be obtained. 

From equations (26.2) it follows that the components Aj/a t i r 
are symmetric m j and k and in the last ? indices. In con- 
sequence of (23.6) we have that, if Qi as given by (26.1) 
is multiplied by y J y k and j and k are summed, each term 
on the right must be zero, that is 


(26.12) P(A. 0 = 0, 

where P indicates the sum of all the terms obtained bj 
permuting the indices. However, because of the above ob- 
servation concerning symmetry, this equation can be replaced by 

(26.13) SUjju, 0 = °> 

where 8 indicates the sum of the (r+ l)(r + 2)/ 2 terms 
obtained by the permutations of the subscripts which do not 
yield equivalent terms. Thus for r = 1 and r — 2 we have 
respectively 

(26.14) A* kl + Ajcij +A} jk = 0 , 

(26.15) Ajjclm " 4 “ Ajbnk " 4 " -A-jinkl “ 1 “ Afcljm “ 4 " Ak?njl " 4 "* - 4 Vrnjk === 0 . 
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Because ot (23.9) the functions Cj\ . Jt , as defined by (23.15). 
are expressible as power series in y's of the form 


(26.16) Cj\ Jr — A\j i Jr )i (J + i A<J 1 y l y- + • *. 


where because of (23.16) and (26.2) 

_ ( * \ 
h h ~ l 8?/ 1 - du-’o 


A} 


(26.17) 


Gy 1 • • • 3y 
2 

r (r — 1) 


O. 


the functions A? 0i Jt i x i t being components of a normal tensor 
and 8 indicating the sum of r(r — 1)/2 different terms obtained 
by the permutation of the indices ji J ••. j. From these 
results it follows that At Ji jji x ^ are components of a tensor 
in the re’s, symmetric in the subscripts j lf • - , j r and in the 
subscripts l 1} • ••, l a . When we apply to (26.16) reasoning 
similar to that which led to, (26.12) from (26.1), we have 


(26.18) P(A\ Jy jji x 0 = 0. 

giving identities connecting the components of these tensors. 

Since rjia, as defined by (22.7), are symmetric in Jc and l, 
it follows from (5 4) and (26 10) that 

(26.19) JBju — Ajik — Ajki . 

The identities 42 1.3) follow directly from this result, and (21.4) 
because the JL’s are symmetric m the first two indices. From 
(26.14) and (26.19) we have 

(26.20) ~ (2 B)ik + B\ kJ ) = ± {Bfa + Bhj ) . 


From (26.19) by eovariant differentiation we obtain 

Bjkl,m = Ajik,m Ajki,m • 
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In normal coordinates y l we have because of (26.10) and (26.17) 


Ajkl, m Ajklm Ai^Jkl)m • 

Consequently we have 

(26.21) -Bjkl, m == -tijlkm -Ajklm 

in any coordinate system. 

In like manner we obtain 

= ■^■jOan 1 m i Ajklm^m^ “f" Apkm l Ajkm^ 

^ Tb ft 

"4“ Ajlm, Afikm^ A.jkm 1 -A-film, “f" ■A/im 1 m s (Ajik Ajkl) 

+ (AAhi — Ahik) + Ak mi m„ (Ajhi — Ajih) 

+ -iLjTOj (Ajkh — Ajhk) . 


By this method we are able to express any covariant derivative 
of the curvature tensor in terms of normal tensors.* 

27 . Extensions of a tensor. In this section we define 
a process of obtaining tensors of higher order by differentiation, 
suggested by the method of obtaining normal tensors. 

Consider a tensor of components T* 1 t ' and T '* 1 v m 

^1 Js J 1 J a 

general coordinates x l aDd x n , and let t s * r and t' h *- 

J-L Ja J\ Jm 

denote the components of this tensor in the normal coordinates 
y 1 and */\ corresponding to x l and x n respectively, for the 
same origin P. Accordingly we have 


t'h v __ 1 « r dg/* 1 _ _ _ ^_y~L 8 g/ 3 * _ _ 9 

J l * J ‘ A ' A dy * 1 * dy ctr dy ,Jl 9 y ,J ‘ ' 

Since the quantities and are constants (§ 23), we 

o yr Qy n vo /7 

have from the preceding equations on differentiating with 
respect to y' kl , — , y' k p, 

* For further developments concerning normal tensors see Veblen and 
T. Y. Thomas, 1923, 1, pp. 573-580. 
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QP t 'h V Qpft “r 

Jj_ P i P* 

(27.1) 9 ^ ,fcl ‘ - 9 2/^’ 9 2^* • • 3^ 

xli^L .. 9 /' 8y* . 

32/“ l ” 3/ J * 9 </ ,fcl 

If we put 

, ( d p ft \ 

(27.2) r“ l “ r = - } 

^ An r,. Va^ ..■dyTpl o 


8^ 
SjA ' 


and similarly for the f"s then at P in consequence of (27.1) 
and f26 8), we have 



9^'^ 8/' 1 

9 x° r 9 j/*> ‘ 


Hence at P the numbers so defined are the components of 
a tensor m the coordinate systems oc l and x ,z . Since P is 
any point, we have thus at every point the components oi 
a tensor m the two coordinate systems, and thus the P’s 
and P's of (27.&) are functions of the a?’s and x'’s. as m 
the case of the normal tensors. Following Veblen and 
T. Y. Thomas* we call them extensions of the pit ordei , 
when there are p additional subscripts as indicated in (27.2), 
From (27.2) it is seen that an extension is symmetric m the 
subscripts indicating differentiation, whereas this is not the 
case for covariant derivatives. 

When p = 1, the right-hand member of (27.2) is equal 
to the first covariant derivative of ft Z’ at P and con- 

Pi Pa 

sequently the left-hand member is the first covanant derivative 
of P^ 1 in the x's, evaluated at P. However, when p > 1 , 

the pt\\ extension is not equal to the _pth covariant derivative, 
since the second and higher CQvariant derivatives involve 
derivatives of the coefficients Cap whieh are not zero at P. 

* 1923, 1, p 572. We use a different notation in that a comma followed 
by p subscripts indicates the pth covanant derivative and a semi-colon 
followed by j p subscnpts the j?th extension . 



74 


II. SYMMETRIC CONNECTIONS 


In order to obtain an expression for the second extension 

of TX 1 a f, we observe that at P the second covariant 
Pi A 7 

derivative of is given by [cf. (6.1)] 


SS 


dr 

?t,y8 


asA “r t r 

d *A A , ’v'Vi • A 


1 • — 1 ea t+i 


dyl'dy 0 




1, , s 

V 1 /*! ^ 

A- 1 r A+i 


A‘ 


a «/■ 

9 <£r 


9 2/° 


in the re’s at P 


(27.3) 


rpdi CC r 
pi 


l,,r 


'Pi P>,rP 


1, .s 

— £ Tp 

j P 1 


of § 26 

we have 

1 occ t + 1 

Or j«i 

A 


«r 

A T 

A-itA+i 

A pjr# 


where the J.’s are normal tensors. Since P is any point, 
we have thus the general relation connecting covariant 
derivatives and extensions of the second order. Evidently 
this* process may be extended to any order. In general, the 
difference between a pth covariant derivative and an extension 
of the jpth order is expressible linearly in covariant derivatives 
of orders ja — 2, p — 3, — , 1 and the tensor itself, the coeffi- 
cients being normal tensors co variant of orders 3, 4, • • - ,£>+1 
respectively.* 

The form of these expressions is not so important as the 
fact that there exist tensors whose components reduce to 
the derivatives alone at the origin of normal coordinates, as 
in (27.2). Moreover, we remark that both the covariant 
derivatives and the extensions are generalizations of ordinary 
derivatives in euclidean space referred to cartesian coordinates, 
since both expressions reduce to ordinary derivatives in this case. 

a8. The equivalence of symmetric connections. 
The question of whether a set of functions of coOrdi- 

* Of. Veblen and T. Y. Thomas, L c., for a number of examples. 
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nates x and a set rj£ of coordinates x n define the same 
symmetric connection reduces to the problem of determining 
whether the equations 


(28.1) 


d 2 ■ r i dx> djr 1 * , a dx 1 

d^Br'r Jk 8 _ fr 8a/ 1 


admit a solution x = <p* (a;' 1 , • , x n ), such that the jacobian 

of the sp’s is not zero. The conditions of integrabihty of 
these equations are (cf. § 21) 


(28.2) 


•BjprS 14 


= B 


( ju Vp it f vs, 


where we have put 

(28.3) 


_dx t 

dx ,n 


v 


Z 

« • 


“When equations (28.2) are differentiated with respect to x' Cl 
the resulting equations are reducible by means of (28.1) to 


(28.4) 


r> fa 


v« = Bj/u, ■, 




U 1 


Continuing this process, we obtain the infinite sequence ot 
equations 

-ryfCC ^ fjl j ?)L , 

U “ Up U <7,~' 

(28.o) 

T}/CC 2 D l J m r 

a i u a m r tip • , 


By means of (28.3) equations (28.1) can be written a^ 


^ Up a ^ 2 J h 

Y — r B Uu r J k a i i v r • 


These equations and (28.3) constitute a system of the form 
(8.1), such that the n 2 quantities u a and the n quantities a* 
are the functions 8 a , the x f 's being the independent 
variables, consequently M — n 2 -j- n. The equations (28.2). 
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(28.4) and (28.5) are in this case the sets F u F s , • • of § 8 . 
Accordingly we have 

A necessary and sufficient . condition that two symmetric 
connections of coefficients and r’fi be equivalent is that 
there exist a positive integer N such that all sets of solutions 
of the equations of the first N sets of equations (28.2), (28 4) 
and (28.5) satisfy the (N-\-l)th set of these equations, if the 
number of independent equations of the first N sets is n 2 + n — p 
(p 0), the solution involves p arbitrary constants 

From the considerations of § 8 it follows that, if the 
equations (28.2), (28.4) and (28.5) are consistent, then 

N <n 2 n. We shall show that N and p are numerical 
invariants for a connected manifold. In fact, denote by 
F' (u z a, a?, x l ) the N sets of equations of the theorem in 
consequence of which the (N + l)th set is satisfied and let 

a* = cp\ (a?' 1 , - • - , a/”), u a = 

OX 

be a solution of the problem. Let x' 1 — iff 1 (pc" 1 , • - , x" n ) 
define a transformation to a third set of variables x' n 
From these we have the equations 

(28.6) x % = 5 P 2 (x" 1 , • • • , x" n ) 

defining the relations connecting the a;’s and a?"’s. If we 
form the equations analogous to (28.2), (28.4) and (28 5) for 
the transformation (28.6) and denote by F" (ul, x 1 , x ,n ) the N 
sets of these equations in the x’s and x’ n s, it follows that 
these equations are satisfied by x 1 , given by (28.6) and 
, , 01 -p* 

up = Ua ,tji and that the (JV+ l)th set also is satisfied.- 

Moreover, the Wth set of these equations is not a consequence 
of the others; for, if it were, then by reversing the process 
we would have that the JVth set of the original group is a, 
consequence of its predecessors in the sequence. 

By the same argument it follows that the number w 2 + n — p 
is an invariant for the manifold. Hence we have: 
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The minimum positive integers N and p which enter in the 
determination of whether two given symmetric connections are 
equivalent are numerical invariants for the manifold* 

We say that a system of invariants is complete , when these 
invariants for two symmetric connections are sufficient to 
determine whether the two connections are equivalent. Prom 
the above results it follows that at most n 2 -f- n + 1 of the 
tensors B]ia, -m r , • • • constitute a complete 

system of invariants for an affinely connected manifold; we 
have also that there exists a minimum positive integer j\ T 
such that W+ 1 of the above tensors form a complete system. 
In consequence of the results of § 26 we have that A T + 1 
of the sets of normal tensors AJm, • • , Ajja mi m ,, • • • form 
a complete system also. 

Christoffelt considered the problem of deter mining the 
necessary and sufficient conditions that two sets of functions 
g tJ and g' v of a? and x n respectively be the components of 
the same tensor. The first condition is 

( 2 8 7) g’ccfi = <7v da j« -fTp • 

When these equations are differentiated with respect to x' r , the 
resulting equations are eqmvalent to (1.5). These are of the 
form (28 1) and their conditions of integrability are given 
by (28.2), (28.4) and (28.5), where now the P?’s are the 
components of the Riemanman curvature tensor. Equations 
(28.7) are of the kind referred to in the latter part of § 8 
as forming a set of conditions F 0 . In this case, however, 
on differentiating (28.7), the resulting equations are satisfied 
because of (1.5), so that equations (28.2) are the set Pi and 
so on. Accordingly the solution of the problem reduces to 
the consistency of (28.7), (28.2), (28.4) and (28.5) after the 
manner of the theorem of § 8, as Chnstoffel proved. 

* Of T. IT Thomas and A D. Michal, 1927, 3. 

f 1869, 1, p. 60 
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For two asymmetric connections equations (2.1) reduce to 

(28.1) and 

(28.8) SijKufi u'r = -'-\v "<■ • 

Consequently in considering the question of equivalence ot 
two such connections, equations (28 8 ) constitute the set F 0 
of § 8 . Then the set F t consists of equations (28.2) and 

(28.9) "r "J 1 = - Q 7r,#i » 

and each other set _F, consists of the set in (28.4) or (28.5) 
involving the rth covariant derivatives of the JB’s and the 
equations of the form (28 9) involving the rth covariant 
derivatives of the £’ s. With this understanding the above 
theorem applies to this case. 

39 . Riemannian spaces Flat spaces. When a space 
is Riemannian and g v are the components of the fundamental 
tensor, the Christoffel symbols of the second kind are the 
coefficients of a symmetric connection, as seen in § 1 . In 
this case the following equations are satisfied identically 

(29.1) r /ij,k = 9 !i j I tjthfjk = 0, 


where the £" s are the Christoffel symbols of the second kind. 

Conversely, if equations (29.1) tor a given set of s 
admit a solution g v 0-j = 1 . • • •, n), then we have 


(29.2) 


f /tk,j + ffjk,t QijJc 


Q 9lh I dffjk 
dxJ ^ dr 1 


-fff— * 9,.k rfj = 0 , 


from which it follows that the r’s are the Christoffel symbols 
of the second kind formed with respect to the g ’ s (ef. § 1 ). 
Consequently a necessary and sufficient condition that a space 
with an assigned symmetric connection be Riemannian is 
that equations (29.1) admit a solution. 
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From (6.4) we have that the conditions of integrability of 
equations (29.1) are 

(29.3) <1 ij,ih — f Jih -Bjki + ffhj E>iu , 
which are reducible by means of (29.1) to 

(29.4) (j,h B%i -j- r/j u JE>iu — 0. 

If these equations are not satisfied identically, that is, if 
we do not have B]u = 0, the solutions of these equations 
must satisfy (29.1 ). Differentiating (29.4) covanantly with 
respect to x m and expressing the condition that (29.1) be 
satisfied, we have 

(29.5') fj ih B)ki, in H - (fiy — 0. 

Proceeding m this manner, we get the sequence of equations 

= 0 , 
m r 0 , 


f/lh Bjkl, >H7H A + ffhj $i7el 

(29 (>) 

Z/?7t til ?ii j ttt r + f J h J B[u , mm x 


Because of the results of § 8 we have 

A necessary and sufficient condition that equations (29.1) 
a dm ft a solution is that there exist a positive inteqei 22 such 
that the fbst 22 sets of the equations (29 4). (29.5) and (29.6) 
admit a complete system of r Qll) sets of solutions ahich 
satisfy also the (N-\-l)th set, then the complete system can 
he chosen so that the functions q v of each set satisfy (29.1) 
Since equations (29 4). (29.5) and (29 6) are tensor equations, 
it follows that the numbers N and r, defined m the theorem, 
are invariant numbers for the connection. 

If r — 1 and g v is a solution of the jV sets of equations 
but not a solution of (29.1), then there exists a function <p 
such that the quantities e~ 9 satisfy equations of the form 

(29.1) . If the determinant ' y v i is not zero, from equations 

(29.2) wo have 
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( 29 . 7 ) ri = {* } + -§-<*, r* 9 >,,), 

where ~g hk is defined by 

(29.8) 

and j^J- are Christoff el symbols of the second kind formed 

with respect to the g's. Consequently when the T’ s are 
expressible in the form (29.7), the space is Riemannian.* 
In terms of g v , equations (29.1) become 

<"29.9) g tJ ,ic — g v9 ,k. 

When r>l and the solutions are for a — 1, .... r, 
then 

<29-10) 9,j = 

where the A’s are arbitrary constants, is a solution. In 
general the J.’s can be chosen so that the determinant \g v \ 
is not zero. When this solution g v is taken as the fundamental 
tensor of the Riemannian space, the tensor B%i becomes the 
Eiemannian curvature tensor R)ki . For this space the other 
r — 1 sets of solutions are tensors whose first covar ian t 
derivatives are zero. Hence we have the theorem 

A necessary and sufficient condition that there exist for 
a. Riemannian space p Q>1) tensors other than the funda- 
mental tensor g v , such that their first covariant derivatives he 
zero, is that there exist a positive integer N, such that the first 
N sets of equations (29.4), (29.5) and (29.6), m which B) u is 
the Riemannian tensor Rjja, admit a complete set of solutions, 

9%>’ » "’■> satisfy the (N-{-l)th set of the 

equations.!? 

A space with a symmetric connection is said to be fiat, 
or plane, if the curvature tensor B} k i is zero. In this case 
equations (29.1) are completely integrable. Hence we have: 

* Of. Etsenhart and Veblen, 1922, 4, pp. 22, 23; also Veblen and T. Y 
Thomas, 1923, 1, pp. 590, 591. 

t Of. Etsenhart, 1923, 3; also. Levy, 1926, 5. 
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A fiat space ts necessai ily a Utemannian space 
From the last theorem of § 9 it follows that a prefeired 
coordinate system exists for a flat space such that the co- 
efficients rjk for this coordinate system are everywhere zero 
In this coordinate system the solutions g v of equations (29.1) 
are constants. Consequently the preferred coordinates are 
generalized cartesian coordinates * 

30. Symmetric connections of Weyl. We consider 
the symmetric connections for which there exists a vector (f z 
and a symmetric tensor g v such that 

(30 1) gij,ic -f- 2 g tJ <pk = 0, 

and the determinant q is not zero. We remark that it follows 
from (29.9) that if is a gradient the space is Riemannian. 
We assume that is not a gradient. 

If we substitute m (30 1 ) the expressions (5.9) foi the T's, 
we obtain 

f J jh < (IjL = ' 2 V tJ 'fK- 
From these equations we obtain 

(30.2) (i)l — Sj <jl 4 - dk<fj — gjk<i r\ 
where 

(30.3) cp z — g v cfj. 

Consequently the coefficients of the connection are 

(30.4) r‘ k — | + 6/ c f L + djc < {J — gjk<f l . 

Symmetric connections of this kind have been proposed by 
Weylt as the basis of a combined theory of gravitation and 
electro-dynamics. From the remarks at the beginning of this 
section we observe that in a sense it is an immediate 
generalization of a Riemannian geometry. 

If we put 

<30.5) g v = e 26 g v , & = y* — 

* Cf 1926, 1, p. 84. 

1 1921, 1, pp 125, 296. 
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where 6 is an arbitrary function of the x’s, we have that 
gij and y* also furnish a solution of (30.1), wnen g i} and 
9 * do. We may speak of two Weyl geometries whose 
fundamental quantities are in the relations (80.5) as conformed 
to one another. Weyl refers to the effect of changing & 
as a change of gauge. 

When we express the conditions of mtegrability of equations 
(30.1), we have in consequence of (6.4) 

(30.6) ghj Biia + g-ih B%i + 2g v (sp *, i — <pi,k) = 0. 
Multiplying by g v and summing for i and j, we have 

(30.7) Baa = n (s n,k — <Pk,i) = n 1 ~i )■ 

In § 5 it was seen that for any manifold B\u is the curl of a 
covariant vector which is determined to within an additive 
arbitrary gradient. In consequence of (30.7) we may consider 

' 1 

<pk in (30.1) as a definite function of the a?’s namely — au. 

n 

where a* is a vector whose curl is equal to B\iu [cf. (5.10)]. 
Hence equations (30.1) are of the form (8.1). 

By means of (30.7) equations (30.6) may be written in the 
form 

(30.8) guj Baa + gih B%i — 0 . 
where 

5^ 'd? 1 1 sk 

ft 

Equations (30.8) constitute the set F t for the theorem of § 8, 
and the sets F s , F a . — jire obtained from (29.5) and (29.6) 
on replacing the JS’s by B’ s; we call them (30.8)' and (30.8)" 
respectively. Hence we have by means of § 8: 

A necessary and sufficient condition that equations (30.1) 
admit a solution is that <jpfc he a vector such that Baa is the 
curl of the vector and that there exist a positive integer 
N such that the first N sets of equations (30.8), (30.8)' and 
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(30.8) admit , a complete system of f ^ 1 } sets of solutions 
which satisfy also the (N -f- 3 )th set; then the complete system 
can he chosen so that the functions (/ij of each system satisfy 
equations (30. 1). 

When r = 1, we must add the further condition \g tJ j ^ o, 
m order that a given connection be that of Weyl. When 
r > 1, ordinarily by a suitable choice of the constants A in 
equations of the form (29.10) we can obtain a solution g tJ 
for which \g v \ +0 and thus have a Weyl geometry. When 
more than one such solution exist, not conformal to one 
another, we have several geometries of Weyl, which have 
the same symmetric connection, and consequently the same 
paths. 

As in § 29 we have that N and r are invariantive 
numbers of Weyl connections. 

31 . Homogeneous first integrals of the equations 
of the paths. If each integral of the equations of the 
paths (22.4) satisfies the condition 


(31.1) 




dxf dx r * 
“ ds ds 


dx m 

— — = const , 
ds 


the equations (22.4) are said to admit a homogeneous first 
integral of the mth degree. From the form of (31.1) it is 
seen that there is no loss of generality in assuming that 
the tensor a Tl r m is symmetric in all subscripts. If we differ- 
entiate (31.1) covariantly with respect to ad*, multiply by 
gL 9 

~ds~’ sum ^ or ^ an< l make use of the equations of the paths 
written in the form 


(31.2) 


def ( dx z \ 

ds \ ds], k 


we obtain 


(31.3) 




dxf 

ds 


dx m dad 0 
ds ds 


Since this equation must be satisfied identically (otherwise 
we should have all the solutions of (22.4) satisfying a differ- 
ential equation of the first order), we must have 


6* 
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(31.4) P i a r x r m , k) = 0, 

where P indicates the sum of m+1 terms obtained by per- 
muting the subscripts cyclically. Conversely, if equations 
(31.4) are satisfied, equations (31.3) are and the left-hand 
member of (31.1) is constant along any path. (Cf. § 43). 

In particular, if the integral is of the first degree, that is, 

dr 1 

di —= — = const.. 

els 

the conditions (31.4) are 

<h,j + a j,t — 0 . 

The question of linear first integrals is considered in § 44. 

We consider the case when the equations of the paths 
admit a quadratic integral, namely 

(31.6) = const. 

In this case the conditions (31.4) are 

(31.6) 9v,k gjk,t gin j = o. 

From § 29 it is seen that Riemannian spaces are a sub-class 
of spaces with symmetric connection for which a homogeneous 
quadratic integral exists. 

From (31.6) we have 

(31.7) ffv,kl gia,jl = 0. 

Interchanging k and l, we have 

( 31 . 8 ) g v \ ik + gji, %k + gii,jk 1 = 0 . 

If we subtract from the su m of these two equations the sum 
-of the two equations obtained by interchanging i and A; and 
3 and k in (31.7), the resulting equation is reducible by 
means of (6.4), (21.3) and (21.4) to 

(31.9) ffv,7U gid, v = g«j JByu H - gut — gal Bj&c — gjca Bjfc. 
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If k and l are interchanged and this equation is subtracted 
from (31.9), the resulting equation is satisfied because of 
(6.4). Thus we are unable to solve equations of the form 
(31.7) for each of the quantities g 7 J ,u. However, if (3L.7) 
be differentiated covanantly, we obtain equations which can 
be solved for g tJ ,him and then the further conditions of m- 
tegrability can be obtained with the aid of (6.4), and the 
determination of whether a given space admits one or more 
quadratic integrals is reducible to an algebraic problem 
somewhat after the manner of § 29, as has been shown by 
Yeblen and T. Y. Thomas.* Instead of developing this 
question further we consider the problem of determining 
symmetric connections for which there is a given quadratic 
integral, such that the determinant g is not zero. 

With the aid of the tensor g v we write the /” s m the 
form (5.9), then 

Qzj, h Clkij Cljki . 

where 

(31 10) a h}j = g /h <, a) h = g lh a kh . g lh g hj = & 

we remark that a jk is symmetric in j and A, as follows from 
(5.9). Hence the conditions (31.6) become 

(31.11) fl/jL -f- fljki -f" dhtj = 0 

It c tJ k is any tensor symmetric in / and j and we put 

(31.12) fijf u — 2 C\jk (*ihj 

the condition (31.11) is satisfied. Hence if we have any 
tensor c v / : svmmetiic m / and j, and define n]k by (31.10) 
and (31.12), then the symmetric connection given by (5.9) 
is such that the equations of the paths admit the first 
integral (31.5). 

Conversely, if (31.5) is satisfied for a given connection 
and consequents n,,k are given the tensor c V h is not uniquely 
defined by (31.12). In fact from (31.11) it follows that 

1923 1, pp 599-60S 
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cl zz .i = O and consequently r z « are arbitrary. When two of 
the indices are the same, we have from (31.11) and (31.12) 

1 

Cixj Otjz "j=jT G'tjx * 

Consequently either one of these c’s can be chosen arbitrarily 
and the other is then determined; hence there are n (n — 1) 
arbitrary choices. When all of the indices are different 
and have given values, there are two independent equations 
(31.12) for the determinination of the c’s with these same 
indices. Consequently any one may be taken arbitrarily and 
the others are uniquely determined. Hence we have: 

A. tensor for winch g - 1=0 and a tensor symmetric 

in i and j determine a symmetric connection for which the 
equations of the paths admit the first integral (31.5), con* 
veisely, if a geometry of paths is given whose equations admit 
a first integral, n Qn + 1) Qn +2)/ 6 of the components c^ic are 
arbitrary and the others are uniquely determined 
* Cf -JEhsenhart, 1924, 2, p 384 
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32. Projective change of* affine connection. The 
"W'eyl tensor- In § 22 it was shown that the patRs are 
tRe same for two sj^mmetnc connections wRose coefficients 
are in tRe relations 

(32.1) T% = JTj\ 4 - <?j ip u + 4% xp J , 

where is an arbitrary covariant vector. AVe say tRat tRe 
affine connection of coefficients J)* is obtained from tRat witR 
tlie coefficients r]u by a projectile change of tRe connection. 
If we write the equations of tRe paths in tlie form 

d 3 jt* 

(f~S~ 


(32.2) 


doc-> djc K 

rjh ~dT ~dT = °‘ 


analogous to (22.-4), we have from these equations and (32.1) 
that IT is given as a function of s along* any path by 


(32.3) 


- 


!/', (Zjc^ 


ds . 


For the expressions JTJk the components of the curvature 
tensor Sjki, analogous to (21.1), are reducible to 


(32.4) 
where 

(32.5) 




4- Sj (rpUk V'a.*) + tyjK <5 Z fc ?pji * 


*PjJc = *pj *Pfv- 

Contracting for % and l and for ^ and we hai e (cf . § 5) 
(32.6) ^ JBjic = JBji. n *pjic — jy 

*Pik) 


ftm = dra 4 — ■ — (^Phz ' 


= fthi + 


« + l 

( 8 *Pk 

dipz 

2 

\ dec* 

dec* 
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In § 5 it was shown that /? v is the skew-symmetric part? 
of JB tJ and that it is the curl of a vector aj2. Consequently 
if we choose 

(32.8) Vh = - ) ’ 

where <r is an arbitrary function of the a-’s, we have /3 ]U = 0. 
Hence we have 

By a suitable projective change of the affine connection the 
tensor B v for the neiv connection is symmetric and the tensor 
B\jk is a zero tensor .* 

From (32,7) we have also 

When the tensor B u is symmetric , a necessary and sufficient 
condition that the tensoi B v for a projective < hange of connection 
be symmetric is that ifc be a gtadient. 

From equations (32 6) and (32.7) we have 


(32.9) 

VO*— 



tykj = 


2 

n + 1 


{B, k - Lijk) 



(fijk — fijii) • 


(fijk ftjl.) ■ 


When these expressions are substituted in (32.4), the lattei 
are reducible to 

Wju = I Vja. 

where 

Wju = Bjki -f Y Y—T ^ ^ ijK ) 

(32.10) 9 

+ j- (^i fijk — dl fiji). 


Hence the tensor Wju is independent of the vector ifa, that 
is. it is unaltered by a projective ehange of affine connection. 
It was discovered by Weylt, and was called by him the 
jp» ejectin' curvature tensoi . We shall call it the Weyl tensoi 

Kbsndiart, 1922. 2. p. 230 
r 1921, 2. p. 101. 
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Since 

(32.11) B u —B Jl = 2 fi v 
equations (32.10) can be written in the form 

(32.12) i 

+ ^rzy + J5 0 ) ~ <** (« Bjk + B kj ) J . 

In consequence of the identities (21.3) and (21.4) we have 
the identities 

(32.13) ir/„ + Wji k =0, 

(32.14) Wjh+ Whj + Wfjic = 0. 

Also from (32.10) we have by contraction 

(32.15) Wiki = Wj) cl = 0 

It we difterentiate (32.10) covanantly with respect to the 
/ s and make use of the identities (21.5), we obtain 

I J /A I, nl 4“ TF/5in,A. + 1 Vjmk,l 

~ j~ [3fc {Bjl t >n Bjm,l ) “4 di(Bjm,k Bjh,m) 

4" 4)i ( B jk ,i -Sji.fe)] 

4~ g~ - -y [3 a {ftjm, l fijl, m) 4- (&jh, m fijm, k) 

+ (fijl,k &jk, l)\ 

Contracting for t and m, we have m consequence of (32.15), 

132.16) 1 Vjia,i — — Bji y k ^ 1 (fiji, k — fijk ?)J • 

An invariant, such as the Weyl tensor, which is unaltered 
by any projective change of the affine connection is called 
a pi ojeetfve mvarutnt. By processes analogous to those used 
in § 18 we establish the theorem: 
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Ifi-U and ^ are the components of any ennuple, the tensors 

* t 1 /i8 i ^ ^ ft L .S 4 2 2 2 ^ i 

'“(c), j - — ~ | Tp>,j ~r °j '•(«) '“A. '•(/S), h) 

and the invariants 

v »' - y C -l. (p' y « \ 

J/t <r ^ _|_ i ' M • a a ' u <r • a fJ.) 

aie projective invariants.'' 

A tensor which is not a projective invariant may, however, 
be invariant under certain projective changes of the connection. 
Thus from (32.4) and (32.5) we derive the theorem 

A necessai y and sufficient condition that the cm vature tensor 
he unaltei ed by the projective change defined by a vector ip t is 
that the lattei satisfy the condition 


(32.17) 


— ibiibj — o 


This is cdso a netesscny and, sufficient condition that the 
tensor By is invariant under the change A 

Equations (32.17) can be written m the form 


where 

(32.18) 


3 <Pi 
dx-> 


Tn 1% = 0. 


ft ==- 4 + | (tfVj + A] Tf 


Hence the space with the affine connection defined by JTy admits 
a field of parallel covariant vectors ip t (§ 11). Consequent^* 
the problem of the theorem and that of spaces admitting 
fields of parallel covariant vectors are equivalent. 

Similarly from (32.5) and (32.6) we have- 
A necessary and sufficient condition that the symmetric part 
of the tensoi By be unaltei' ed by the projective change defined 
by a tecioi 4>, is that 

(32.19) dfj + Tj.z— 2 0* dij = 04 


* Of T Y. Thomas , 1925, 10, p. 319, also Levy , 1927, 1, p 310, 
t CL Schouten , 1925, 6, p. 453, also, J. M. Thomas , 1926, 8, p 62 
- CL J \ M. Thomas , 1926, 8, p. 62. 
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For the affine connection defined by (32.18) equations (32.19) 
become 


4- V'j.r = 0 


that is, the equations of the paths admit the linear first 
integral i1> t ^ = const., where £ is defined bj T an equation 

of the form (32.3) (cf. § 43). 

Also we have from (32.7) 

ncr esxtii tj and tuf fit tent condition that the skeu-symmetm 
pin t of the teusoi B 0 . and consequently the tensor he 

analtned by the qn ojeitu e change defined by a vector ts 

that d>% be the gradient of an arbit) cii y f unit ion. 

The second theorem in this section is a corollary of the 
above theorem 

33. Affine normal coordinates under a projective 
change of connection. If -we denote by if and y ,% the 
affine normal coordinates corresponding to the same coordinate 
s\ stem / ? for two connections m the relation (32.1), the 
equations of the paths tlmough the origin P in these coordinate 
systems aie given by (23.1) and 



Since a projective change of connection leaves each path 
individually invariant, it follows from the above equations 
of the paths that along each path y n is proportional to y\ 
Moreover, throughout the domain under consideration y n is 
a function of the y s. Consequently these functions must be 
of the form 


(33.1) 


V 



? 


where f(y ) is a function of the y s regulai m the neighbor- 
hood of the origin and not vanishing at the origin. Similarly 
we have 


y l 


y 

/W 


(33.2) 
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where/' is of similar character and f(y) •/' (/) — 1 , because 
of (33.1) and_(33.2). 

If Cjk and Cjk are the respective coefficients of connection 
in the y' s, we have 

(33.3) Cjk — Cjk -f- &j tyk + dfc ifjj , 


where ipj are the components in the y’s of the vector defining 
the projective change. If Cjk are the coefficients m the y n s 
of the second connection, we have from equations of the 
form (5.6) 


(33.4) 


C& = (. 


_? V 


3 y'P 3 y' r 


+ Cjk 


dyJ 


9 y 


/. fi 


dy k \ d y ,a 

dy’r) 9 / - 


Since the y" s are normal coordinates, we have Cpj y'^ y' r = 0 
23). In consequence of (33.4) these become 


(33.5) 



d 2 y' a \ dyJ 
dyJ dy’ 1 ) Qy'P 


9 y * 
dy' r 



y'r = o. 


From (33.2) we have 


?>y J 1 t# f , „rj df \ 

IP'* f*\”P S V 9 y'P]’ 


&y 

and from (33.1) 
9/“ __ 


9 y 

?JtL v 'p 

, f p y 


y_ 

f 


/J ( 

7* (f'~ 


9/' ,p\ 


9/ 


M* f - 


y a —-), 

U 3 tf)’ 


rCC 


d s y 

dyJ dy^y 

Since the equation /' 


y f*i V dyJ^dyJ y f U** 8 '/] 


9/' 


dy 


,p y 1 * — 0 does not admit a solution 


regular at the origin and not vanishing there, and since 
Cjky 1 y k = 0, the equations (33.5) are reducible to 

(33.6) ^*+>^r>)(r-^)+-J-5^^-o. 
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Since V'fc 8X6 assumed to be regular at P, we put 

V'fc = &fco H- bu y l + -^f-biaj y 1 y J + • * , 

/ = i + a% y l + -|y chi y % y J + • • • , 

where without loss of generality the a’s are symmetric in 
the indices and the b’s in all but the first. Substituting in 

(33.6) , we find that a x = — b t0 and that the other a’s are 
uniquely determined. Thus when i/'fc are given, the function f 
is determined. 

There is also the converse problem of giving f and finding 
the ^’s from (33.6). We consider in particular the case when 

(33.7) /=!+«» y\ 


where the a’s are constants, so that the transformation (33.1) 
is linear fractional. Now equation (33.6) reduces to 


(33.8) 


’/'a + 


q>y J 

l + Chy 1 


= 0. 


Although this equation gives the condition on the in 
the y' s, we are interested in finding their components in a 
general coordinate system so that we may have a means 
to knowing when the case (33 7) is possible. To this end 
we differentiate this equation with respect to multiply 
by y l and sum for l, then from the resulting equation and 

(33.8) we eliminate a t y x . This gives 


(33.9) 



= 0, 


which because of the relation Cjky J y k = 0 and (23.1) can 
be written thus 


d % 4 dy^ 
ds ds 


('tpk.i—'tpk Vi) 


= 0. 


In the genefal coordinate system x x corresponding to the y’s 
this equation is 
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daf_ d a/ 
ds ds 


— V'aV'j) = 0, 


where i/'fc are the components in the a?’s of the vector «/’a- in 
the y’ s. If this condition is to be satisfied at each point 
in space, it is necessary that 


(33.10) V'&.z+V'U — 2 ip k ipi = 0. 

Since this is a tensor equation, if it holds in one coordinate 
system, it holds in all. Conversely, if there exists a vector 
satisfying (33.10) for a given space, and we choose a normal 
coordinate system y 1 with a given point i P for origin, equation 
(33.9) holds at P. If we put 

(33.11) + = 0, 

differentiate with respect to y l , multiply by y l and sum for I, 
we have in consequence of (33.9) 

if ip k ifjz + 1 ) + ~ = 0 . 

By means of (33.11) this is reducible to 

(33.12) J. 

If the function f is regular at P, then f = 1 at P and 
the integral of (33.12) satisfymg this condition is f— 1 +a* y 1 . 
From these results and the fifth theorem of § 32 we have 
In order that the affine normal coordinates at every 'point 
undergo a linear fractional transformation when the affine 
connection undergoes a projective change, it is necessary and 
sufficient that the symmetric part of the tensor B v he unaltei'ed 
hy the projective change .* 

34. Projectively flat spaces. We may interpret the 
results' -of § 32 as giving spaces with corresponding paths. 

* The question of this type of projective change was raised by Veblen, 
1925, 7, p. 131, and the theorem was established, in a different manner, 
by J. M. Thomas, 1926, 8, p. 62. 
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Weyl has called a space V n projectively flat when its, paths 
have the same equations as the paths of a flat space Y n (§ 291. 
This is equivalent to saying that for V n there exists a" pre- 
ferred coordinate system m terms of which the finite equations 
of the paths_are linear. 

Since for V n we have 

(34.1) B%i = 0. li„ ----= 0. j3 tJ = 0. 

it is evident that a necessary condition that a space be pro- 
jectively flat is that the Weyl tensor he zero. We shall 
show that this condition is also sufficient, ivhen n>2 
From the first of equations (32.9) we have 

(34.2> ip t<J = ip t ipj — — B v + vl y 

The conditions of integrability of these equations, nameh- 

*/ ; i, jh. Aj V’h B y/, 

are reducible, by means of (32.11) and the expression for 
Bju obtained by equating to zero the right-hand member 
of (32.10). to 

(34.3) B tk ,j — B lhl . -f — — - k — M = 0 . 

From (32.16) it follows that these equations are a consequence 
of the vanishing of the Weyl tensor, when n> 2 , as was 
to be proved. 

When n = 2. we have, because of the identities (21.3). 

_Z?11 = -Bll2 , Bli = Bl21 . Bsi == Bzi2) B 22 B 22 I ■ 

Hence from (32.12) we find 

The Weyl tensor vanishes identically when n = 2. 
Accordingly we have the following theorem of Weyl t 

* 1921, 2, p 104. 

1 1921, 2, p. 105. 
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A necessary and sufficient condition that a space V n with 
an affine connection be protectively fiat is that the Weyl tensot 
vanish when n > 2 and that equations (34.3) be satisfied when 
n = 2. 

From (32.1) it follows that, if a space V n is protectively 
flat and as* are cartesian coordinates in the protectively related 
flat space, the coefficients of the affine connection in V n are 
given by 

(34.4) r; k = — (a; %) . 


Conversely, the most general protectively flat space is ob- 
tained by taking the r * s in the form (34.4), where xpj is an 
arbitrary vector. 

When the expressions (34.4) are substituted in the equations 
of the paths (22.4), the latter can be integrated in the form 


(34.5) 



a^ — a n 

b n 



ds. 


the integral J dafi being taken along a path, which result 
is in keeping with the remark at the beginning of the section. 

From (34.2) it follows that a necessary and sufficient con- 
dition that V n be a protectively fiat space for which the 
tensor By is symmetric is that ipj in (34.4) be a gradient. 

If we replace V-0 in (34.4) by , the components of the 
curvature tensor are expressible m the form 


(34.6) B? Jk = e* (< 


d 2 e' f ' 


9 a?* dofi 


— dl 


9 s eff 
9 £6* dx J 




Contracting for h and k, we have 


(34.7) 


Bij = (1 — n) e~V 


8 2 e^ 

9a: 1 dxJ * 


From these equations we have 


(34.8) 



(<5j B ik — d k B y ) 


0. 


n — 1 
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The left-hand member of this equation is the expression for 
IF*a when B v is symmetric, as follows from (32.10) 

We consider now the question of determining the Riemannian 
protectively flat spaces, that is, spaces whose geodesics can 
be put into correspondence with the straight lines ot a flat 
space. In this case B tJ are symmetric and are in fact R ZJ . 
the components of the Ricci tensor. For n > 2 we have 
equations (34.8), which are equivalent to 

(34.9) Rhijk - ~ ( (Jhj R,h t/UL Ry) • 

When in (34.9) we put h = /, we find that 

(34 10) Ri) — ■ A 0 (l w) ffij, 

wlieie JKo is the factor of proportionality thus obtained. By 
reason of (34.10) equations (34.9) are reducible to 

(34 11) Rjnjk — — A o Cffhj y i /. </hk g-ij) • 

Consequently V H for nZ>2 is a space of constant Riemannian 
curvatuie A 0 .+ 

When n — 2, it follows from the definition of R tJ that 
jKjx Rlt R&2 R 2112 

ffii ~ 'A* 0 

Since Rms /g is the Gaussian curvature IQ of the surface, 
it follows that (34.10) holds also when n — 2. When we 
apply the conditions (34.3) to (34.10), we find that K 0 is 
a constant. Hence we have 

A necessary and sufficien f <omhtion that a Riemannian 
space he pi ojectively flat is that its Riemannian curvatuie he 
constant 4 

From (34.10) we have for all values of n, R v , k = 0. 
Conversely, if we have 

* 1926, 1 , p 21. 
f 1926, 1, p. 83 
t tVeyl, 1921, 2, p. 110 
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(34.12) -By — -Bjtj -By,* ‘ — 


defined by ( 34 . 10 ), where - 2 l 0 is an arbitrary constant is 
such that g v ,k = 0. Hence we have- 

J. necesssary and sufficient condition that a protectively fiat 
space be JSiemanman is that (34.12) be satisfied. 

In the coordinate system for which Rg takes the form 
(34.7) we have from (34.10) 


(34.13) 


1 ■-«. >‘4* 

K, » da? BxJ ' 


9 t// 

From this expression and (34.4) in which tp, = it follows 

o CC J 

that the conditions g v ,k — 0 are reducible to 

d s g 2 ^ __ 

dx * dx J drP 

Consequently 

(34.14) = Oij x 1 x J + 2 b t x l + c, 


where the a's, 6 ’s and c are constants, 

35 . Coefficients of a projective connection. From 
equations (32.1) we have 

(35.1) rjc = rik + (n + 1) Jp k , 


from which and (32.1) we find that the quantities 

(35.2) ufic = .r; k — (dj rjik + d% r& 

are independent of a projective change of affine connection.* 
We call Jlflc the coefficients of a protective connection. 

In order to find the relations between the functions JJjjc 
and the analogous functions Rjk in a coordinate system x n 
we remark that from equations of the form ( 5 . 6 ) we have 


(35.3) r* = r %~r 

* Ct T. Y Thomas. 1925, 2, p. 200. 


9 logd 
dx J ’ 
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where A is the jaeobian of the transformation, that is. 

S „ n ' 

3 7 


(35.4) 


A = 1 


; d/j * 


Then from (35.2) and analogous expression for 774“ and 
from (5.6) and (35.3) we obtain 


/ £/ „ Q rN t •$ ^ /V 

_ _?_/ n h 9 ' „ ,i' O [ O ij 

d r l dj J >J 9 r Jl 0 7 1 


(35.5) 


^ ft' ^ 

0 7 o 6 


o / • 


Q /* 

^ rt' 

0 / 


wkeie for the sake of bxevitv we liaAe put 


3 0 

Q7 U b t J 


(35.6) 


«+T 108 J - 


When we express the conditions of mtegrability of equations 
(35.5), we obtain 


(35.7) 

n h _ ,* 3 ' A 3/ (i 5/'^ 

iJ,c 9/" 0,‘ 0,"> 

A 

d t 3 *- 

where 



(35.8) 

..ft 9 77,1 3 n]j , i h 

Myk 9 / J o -/•* ‘ ^ 

— utj n!i: 

and 



(35.9) 

n u 30 ,90 30 

( ,J U,J Q , h "j- g ^ ^ ^ 

z - ft 

n I 1 o J J 

Contracting (35.7) for h and k, we have 

(35.10) 

l / , 

r- r. rs 

or Of' 

f v = u j 1 n >j TJjy 

8 / * 3 / J 

whei e 

by definition 


v 35.11) 

// If 1 

U] J JJ %jir 



When the expiessions (35.10) are substituted in (35.7 
we have 

9 /* 0/'* 8/' r 8t ,ft 
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where 

(35.12) Wyk = &ljfc + - (#J n*— si n v ) . 

From (35.8) and (35.2) we have 

(35.13) n%k = B%k + (2 A* — Si A v + Aad, 

where by definition 

A 9 1'n j-h j-a- | 1 r r r-,7i 

AtJ dsoi v rft+ n +1 ” 


and from (35.13) 
(35.14) n y = B v 


n-\- 1 


[2 Aj + (n — 1 ) 4 V ]. 


When these expressions are substituted in (35.12), it is found 
that Wijfc so defined are the components of the Weyl tensor 
(32.10).* 

Substituting the expression (35.10) for c tJ in (35.9), we obtain 


3 2 «— 1 9 , 

(35.15) _ . . = nl 


dx :* dx J 


V 


Se - 0 e- 


0£E* 




y (/r v — /Ta, 


& dx 1 dx j ! 


Expressing the condition of mtegrability of these equations, 
we obtain 

(35.16) m* - % -gr + (1 — ) W5. -£ . 

where 

9-Qy 


(35.17) lT yfc = 


0 33 * 


-^r + ihk—nfk n tJ . 


36 . The equivalence of projective connections. If 
we put 


(36.1) 


035' 


/« 


005* 


W, 


'* > 


0 e 

0 33* 


SPi, 


* Cf J - . M Thomas, 1925, 3, p. 208 
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equations (35.5) and (35.15; become 

= 22% —TIfr 4 - Uj 9 t + < <pj , 


(36.2) 


9 9i 
d x J 


— 9t 9 j + 22 % <pi + — n Py M f M P • 


These equations together with the functional relation (35.6) 
must admit a solution for given expressions of 21 jk and 22 Jk in 
the as’s and x n s respectively, if the two projective connections 
so defined are to be equivalent. From the preceding results 
it follows that the conditions of integrability of these 
equations are 
(36.3) 


(36.4) 


n* < = < < < 

= K fr + 


If we denote by u% the cofactor of u\ in the jacobian | u\ | 
divided by the jacobian, we have from (35.6) 


00 
0 X J 


1 _ 9 


n + 1 “ ■& x J ’ 


which is satisfied identically because of (36.1) and (36.2). 

If we differentiate equations (36.3) with respect to x 1 . the 
lesultmg equations are reducible by means of (36.2) and 
(36.3) to 


ufU Wym — 2 Wyk 91 ~ W$ k 9z — Wlhc 9 j — W'5i **J 
(3 ' 0) -f < K k 9 h = wy - uf *r ni «f , 


where W% k \i denotes the proyecfote dertvafoie of W%k, that is, 
the covariant derivative with respect to the 22 ] k , we remark 
that the projective derivative of a tensor is not in general 
a tensor. In this notation equations (35.17) may be written 
in the form 

(36.6) 22yk — TIjjk 2I lkj . 

We observe from (35.12) and (32.10) that is of the 
same form in 22*%. as it is in /)*. when the tensor B v is 
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symmetric. Since (32.16) follows formally from (32.10), we 
have from (35.12) and (36.6) 

(36.7) Wl jk i 

If we multiply (36.5) by u l a and sum for « and l, we obtain 

Km + c« - 2) »« “ KUe U J “t ■ 

When n~> 2, these equations are reducible by means of (36.7) 
to (36.4). Consequently in applying the results of § 8 we denote 
by F L equations (36.3) and proceed with these equations to 
get the sequence F s , F s , ■ ■ - of derived sets. Hence we have 

A necessary and sufficient condition that two projective con- 
nections for n > 2 be equivalent is that ' there exist a, positive 
integer N, such that equations (35.6) and the sets of equations 
Ft, • *, Fn are compatible m 0, x' 1 and 5 h as functions 

of the afs, and that the (N -+- l)th set is satisfied in consequence 
of the preceding ones.* 

When n = 2 , TFy* vanishes identically (§ 34). The above 
theorem applies to this case with the understanding that the 
sets Fi, Fn consist of (36.4) and the derived equations. 

As in § 28 it can be shown that A T is an invariantive 
number for all manifolds with the same projective connection, 
and likewise p, where (w + 1) 2 — p is the number of inde- 
pendent equations in the sets F 0 , •••, Fn- 

When n > 2 , the Weyl tensor and its first. • • , iVth 
(N < (n l) 2 ) projective derivatives form a complete system 
of projective invariants (§ 28) for the manifold. When n ■= 2 , 
tiie functions and their first, — , iVth (N 9) projective 
derivatives form a complete system. 

Another interpretation can be given to the preceding results. 
Thus let H}k be the coefficients of projective connection of 
a manifold V n in coordinates ad- and similarly 11% in any 
other coordinate system x rl , the equations of the trans- 
formation being 

(36.8) a;'* = gp i (as 1 , • • • , afi ) . 

* CL Veblen and J. M. Thomas, 1926, 6, pp. 288, 290. 
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We consider an associated manifold TV- 1 , of coordinates 
z 1 . • . ? n and in the r’s define -a set of functions 
in * TV+i by 


(36.9) 


'A 


Tl\i. 


1 Q(i — 


1 

?i + l p ‘ 


¥ /’0 1 

'V — 


,f JT 


where greek indices take the values 0.1. . n and latm 

1, • • • , n. For the transformation m " IV-i defined by (36.S) 
and 


(36.10; 


/ ,0 = /°4- log J. 


where A is given by (35.4), we find that the coefficients (36.9) 
and similar expressions m the /' s satisfy the relations 


(36.11) 


9*“ / 9-^ /g | r>0 3r ,<7 0,; T j 

Qr'(? \ djfl d.yr djrf 3 dsf]' 


In tact, when a, 0. y take the values 1, . n, equations 
(36.11) reduce to (35.5), when 0 or y — 0, the equations 
are satisfied identically' , and when a — 0, and 0 and y take 
values 1 to n, the equations reduce to (35.15). Thus the 
problem of equivalence of projective connections is leducible 
to a restricted problem for affine connections, as shown by 
T. Y. Thomas.t 

In order to consider the problem more fully from this point 
of view, we denote by *Bp yi $ the curvature tensor foimed 
with respect to the J” s. In consequence of (35.12) and 
(35.17) we have 

*Bjkl — Wjta, ' Bjik = 


and that all the other K B's vanish identically. It we take 
the functions so defined and apply the reasoning of § 28 
equations of the form (28.2) (interchanging a's and o’ si 
become 

(36.12) Wjk uk + — £zr JI -> Kl = w w "j ,l > 

0% JL 


1 1926 . 10 . 
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(36.13) Traill ° -} — — | ~ jj~~ Uh WjJcl n'pq r tlf U%Ui , 

(36.14) W/Mtip UffU r — 0, njjci Hq u* u r — 0, 


where one or more of the indices q, a, r is 0. 

For the relations (36.8) and (36.10) between the coordinates, 
equations (36.12) and (36.13) reduce to (36.3) and (36.4) 
respectively, and (36.14) are satisfied identically. 

37. Normal affine connection. If for a given affine 
connection and a given coordinate system we choose for the 
components ipi of a projective change the values — /&/(»+ 1), 
it follows from (35.1) that the coefficients of the new connection 
satisfy the conditions = 0. We call this uniquely 
determined connection the normal affine connection for the 
given coordinate system.* Hence we have: 

Among all the affine connections with the same projective 
connection there is a unique normal affine connection for any 
coordinate system. 

From (5.8) it follows that B v is symmetric for a normal 
connection. Conversely, if B v is symmetric for an affine 
connection, we have from (5.8) in any coordinate system 


(37.1) 

If we put 


9 1 % 8 jftfc 

dsf dx J 


dtp 

do? 


r*7h 
*■ hi 7 


these equations are completely integrable in consequence of 

(37.1) . When we define a coordinate system x n by the 
equations 

(37.2) a?' 1 —J* e* dx 1 , x' a = x a (a = 2, — , «), 

we have for the jacobian of the transformation 


A 


d cfi_ 

dxJ 


= e*. 


* This definition is equivalent to that adopted by Cartan , 1924, 3. 
p. 223, as pointed oat by J. M. Thomas, 1926, 3, p 664. 
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Consequently 

9 log J _ 8 </■ _ 

9 yj " 9,/w !, J 

and from (35.3) we obtain r',‘j = 0. Hence we have 

A necessary and sufficient condition that there exist for a 
(jnen affine connection a coordinate system a 1 tilth respect to 
ahull the connection is normal, that is 

(37.3) r]j = 0, 

is that the tensoi By be symmeti icA 
Furthermore we have from (35.3) 

The normal affine connection foi' a given coordinate system 
is the normal connection for all coordinate systems obtained 
fioni the given one by transformations of constant jacobian 
and only for these 

When equations (37.3) hold, we have from (35.2) for the 
normal connection 

(37.4) J7j k = rj k . 

Then from (35.8) we have IJ^jk — Byk and from. (35.14) 
JI V — JB,j. Hence the equations (35.12) become 

(37.5) Wyk = B%c 4- — hrr B tk — dl By) . 

ft JL 

Since this is the form which (32.10) assumes for a space 
when By is symmetric, we have thus another proof that the 
tensor defined by (35.12) is the Weyl tensor. 

The first theorem of this section is a corollary of the 
theorem • 

Each of the affine connections with a given projective con- 
nection is uniquely determined by the values of 

In fact, from (35.2) it is seen that the coefficients of 
a projective connection must satisfy the conditions 

(37.6) ZT* = 0. 

* Of. Carton, 1924, 3, p. 225 and J. M. Thomas, 1926, 3, p. 666. 
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From (35.2) it is seen also that when r t ) are given, rj K are 
uniquely determined, and furthermore that the corresponding 
functions are equal to the given values of these functions. 

38. Projective parameters of a path. When the ex- 
pressions for r£i are obtained from equations of the form 
(35.2) and substituted in the equations of the paths (7.6), 
the latter become 

dx J [d^ac 1 . dx k d 1 1 \ 

~It VdW ' nu ~7n ~dT 

(38.1) 


djr* 

dt 


r( 


dxJ + nil 


dt 2 


dt dt 


did \ 

d t I 


0. 


Consequently along any path we have 


(38.2) 


d 2 of- . , dad* dx J 

dt 8 fJu ~dT ~dJ 



where is a determinate function of t. If we define 
a parameter^, to within an additive constant, by the equation 


(38.3) 






where a is an arbitrary constant, equations (38.2) become 


(38.4) 


d~x l , docj dx * 

dp 2 Jlc 1 dp dp 


= 0. 


From the form of these equations it follows that the para- 
meter p is not altered by a change of projective connection. 
It has been called a projective parameter of the path by 
T. Y. Thomas who established its existence.* 

From equations (38.2) and (22.2) we have for a path m 
consequence of (35.2) 


tp = <jp — 


2 rh dxJ 
n + 1 hj dt * 


Consequently by means of (38.3) and (22.3) we find the 
following relation between projective and affine parameters 
of a path: 

* 1985, 2, p. 200; cf. also Veblen and J. M. Thomas, 1925, 4, p. 205 
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<38.5) 




where & is an arbitrary constant; in the integral on the 
right it is understood that the re’s are expressed in terms of s. 

If we make use of equations (85.3) and denote by p' the 
parameter defined by (38.5) for a coordinate system r ,a we 
obtain the relation 


(38 6) 


dp 

dp’ 


& 

2 ’ 
A H+1 


where 6 is a constant. Consequently when we speak of 
a projective parameter it is associated with a particular 
co Ordinate system;’ 1 ' in this respeet it is different from the 
affine parameter s (§22). 

From the form of equations (38.5) and the results of § 37 
we have* 

A projective parameter p for a coordinate system od is an 
affine parameter of the paths fo) the normal connection foi 
the x’s. 

When rpk in (32.1) are the components of the gradient of 
a function ip, equation (32.3) becomes 





In consequence of the results at the close of § 37 the above 
results are consistent with equation (38.6). 

39. Coefficients of a projective connection as tensors. 
It is seen from equations (5.6) that the coefficients of an affine 
co nn ection are components of a tensor for affine transformations 
of coordinates, that is, 

x n — a* x J + 6* , 

where the a’s and &’s are constant, and only for such trans- 
formations. 

♦ Cf. T. Y. Thomas, 1925, 2, p. 201. 
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We seek the types of transformation, for which, the co- 
efficients of a projective connection are components of a tensor* 
From (35.5) it follows that in this case we must have 


(39.1) 


dx l dx J 


8 ar 80 Sag' 80 
8 x J dx l 8jc® 8 x J 


Expressing the conditions of integrability of these equations, 
we hare 

n -f ® / a 9 /t <3/1 n I 


8 0 8 0 ' 
8 ag z 8 £C J / 


8 8 0 

8 a;* Sa;^ 


which, since they must hold for a = 1, . w, are equivalent to 

8 s 0 8j0_ 8 0 _ 

d x z d x J d x l d x J 


dx'“ 

1 8 s 0 

8 0 

dx-> 

\9»*8^ 

dx l 


= 0. 


The integral of these equations is 
(39.2) e~ 9 — -f- h , 

where h and the a? s are arbitrary constants. When this 
expression is substituted in (39.1), the resulting equations 
can be written in the form 


of which the first integral is 


= 0, 


(«*■ a* + h) - g - t + a » a;"* = cf, 

where the c’s are arbitrary constants. Integrating again, 
we have 

(39.3) x ' a = , 

the d s being arbitrary constants. The jacobian of thi« 
transformation is 
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(39.4) 


3/* 
5 a 1 


1 

(rth i x -f 1 


b d l 


a. 


a, 


d» 


*r= 


c 


n 

n 


This, result is m keeping with (39.2) and (35.6), when it 
is obseived that in (35 6) A may be replaced by c _1. where c 
is am constant without altering (35.5). Hence we have 
The coefficients of n projectile tonnection are components 
of a tensor undei lined) factional transformations of the 
< oorrl mates and undei these alone re 

If there exists a coordinate system for a given space toi 
which the coefficients of the projective connection Ilf are 
zero, the space is piojectively flat, as follow's fiom (35.12). 
Converselv when the coordinate system of a protectively flat 
space is such that the /" s aie given by (34.4). then 11 f — 0. 
Hence w r e have- 

A necessai y and sufficient condition that a space admit a 
too) d mate system foi uhich its coefficients of pi o/ectue con- 
nection ate zeto is that it be prqjectively fiat 

When the coordinate system is such that Tlf — 0. the 
most general transformation of coordinates such that n'f r = 0 
is any which satisfies equations (39.1). Hence we have 
When the coot el-mate system of a ptojectuely fiat space is 
such that the coefficients of the projectue connection are zeio. 
the most genet al transformation of cooi d mates presen ing this 
property is hneai fractional. 

From (38.4) it follows that in these coordinate systems 
the equations of the paths are 


J J I 7 , n rf t I 7 rl 

,i’ = a'p-\-b', a = a p 0 , 

where the a s and V s are constants. 

When Ilf = O, it follows from (35.2) that 


(39.5) 1% = 0 


+ J, * + *) 


* Cf. Kousaleicskii 1909, 2 p. 84, Fine, 1905, 1, p. 505 
t Cf Veblen and J M Thomas, 1926, 6, p. 284. 
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and that 

n = 

where i is not summed. Hence we have in general 


(39.0) = SPj (!+<$, 

where i and ; are not summed and <p z = — 7 - 7 - /t- Con- 

71 “p 1 

versely, the expressions (39.5) and (39.6), in which are 
arbitrary functions, define the most general coefficients of 
affine connection for which njk = 0 . 

40. Projective codrdinates. Let P be the point of 
coordinates x% and consider the transformation of coordinates 
defined by 

(40.1) £c l = x\ +*£ x'“ — (n*p) P x ,a x'f* + <*>% 


where are any functions of the x'’s such that they and 
their first and second derivatives are zero when the a/’s are 
zero, and (llap)p indicates the value of nhp at P. From 

(40.1) we have 


( \ - 

/ 9 2 £C* \ 

\ dx ,a ) P — Sa> 

\ dx ,a dx' 13 ) 


) — (Ua^) P 


If A denotes the jacobian 
(40.3) 


dx* 


9 X 


rCC j 9 


it follows that 


( d log A \ | 

a 2 ^ dx ,cc \ 

1 daft K~ 1 

\ dx' a dx'P 2 lx % Jp~~ 


= 0 , 


in consequence of (.37.6). Therefore if we substitute these 
values in equations obtained from (35.5) by interchanging 
the x’s and a/’s, we obtain 


(40.4) {n%) P 0. 

Hence we have- 

When a transformation of coordinates of the form (40.1) 
is effected , the coefficients of projective connection in the x f, s 
are zero at the point P of coordinates ar^. 
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We call the coordinates r' r puyectne cooj dinettes. 

A particular system ot projective coordinates is obtained, 
when we proceed with equations (38 4) in a manner analogous 
to that which yielded affine normal coordinates in § 23. In 
this case the equations of the paths through the point P of 
coordinates r‘ 0 are 

(40.5) ✓ - 

where p is the projective parameter for the /*s. and the 
equations of transformation of coordinates are 


(40.6) 


~ 3 j 


where Uj\ Jr are the same expressions in the I/'s as (22 8 ) 
are m the r s. __ 

If we denote by I/J. the //’& m the y's. we have from 
(40.5) and the equations of the form (38.1) in the p's that 
the equations 

(40.7) (//,', ,/ — n£t y) y y 0 


must hold throughout the domain tor which equations (40.6) 
define a ti ansformation ot coordinates. 

From the theorem ot § 38 it follows that the y s as 
defined by (40.5) are the affine normal coordinates corresponding 
to the r's for the space with normal connection for the r s. 
Moreover, equations (40.7) follow from (23.6) and equations 
of the form (35.2) for II u. 

41 . Projective normal coordinates. We have remarked 
that p 111 (40.5) is the projective parameter for the ce’s and 
not. for the y’s. We seek a system of coordinates z* such 
that the equations of the paths through -P (jx l 0 ) shall be 
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where p is the projective parameter for the e’s. Moreover, 
we require that the s’s be projective coordinates, that is, 

(4L2) a? = scl + z 1 — (Ufa) p z J z lc H , 

where the terms of order higher than the second are as yet 
undetermined. From (40.6) and (41.2) we have 


(41.3) 



When the expressions (41.1) are substituted in equations 
of the form (38.4), we have 

(41.4) Pjl z J z h = 0, 


the P’s being coefficients of projective connection in the £’s. 
In order that there may exist a transformation of the y’s, 
defined by (40.6), into s’s such that (41.4) hold, we must have 


3 z h 


2 eh 


\n 




'jk 


3 y 1 




92 * dd 


X 


dy J dyk 
3 yJ_ djf 
9 z v dsfl 


3 yJ 9 yk 

gP gQ = 0. 


+ 


ds h 
3 yk 


dd \ 

3 y J l 


as follows from (35.5), where 

1 


(41.5) 


e = — 


log A, 


A — 


dj£_ 

3 z J 


n + 1 

The above equations may be written in the form 



9 y J dyk 
dsP Vs* 


+ "o 




9 sP 9 z* 



9 j£_\ 

ds*l 


zp s* 


0. 


Since equations (40.5) and (41 .1) define the same paths, it 
follows that the transformation is of the form (cf. § 33) 

(41.7) y = 

where y is a function whose expansion must be of the form 


(41.8) gp = 1 -f dy e' + • * ■, 
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in order that (40.61 and (41.2) be consistent. From (41.7) 
we have 


(41.9) 


= -VH-/- 


which are consistent with (41.3), in consequence of (41.8) 


Accordingly we have 


*£. t j = 4 L— d y- s >\ 

dz-> 5T V dz> ] 

3 ‘ >/ , , z' T 3*9- 

^ 3.e A 5P 3 3 z J 3 


(41.10) 


4 = 


« / » 3 <f> 

W O, ; . . 


» — — s 1 d\ 

y nA - 1 ~ 1 


di 




Consequently 


= log sp — — r lo S (v — 4& 


72+1 


1 d-(f 


- vJ >)• 


3 <9 7i _ 1 3y , n + 1 d z J dz l 

dz 1 ' 2 ' W d Z 1 ' 1 ' dtp , 

' 8 »' 

When these expressions are substituted m (41.6). we obtain 


— i A / 

(4i.il) njk-prfr 


*9 - ,jY+ ±—JL z < 5 4 --- ,/ ,* = 0 . 

3 e- 7 / 1 -4- n 3 z J 8 z L 


We remark that from (41.7) it follows that 


/Ik *1A — Ha it y 


<J£ Koualeioski , 1909, 2, p 84 Fine, 1905, 1, p 505 



114 


III. PROJECTIVE GEOMETRY OP PATHS 


anil from (40.7) that the value of the right-hand member is 
the same for each t, it being understood that t is not summed . 
From the form of equation (41.11) it is evident that it admits 
a solution of the form (41.8), and thus there exists a pro- 
jective coordinate system a 1 associated with a given coordinate 
system x z , for which the equations of the paths through 
P(xo) are of the form (41 .1), p being the projective parameter 
for the z’s. Following Veblen and J. M. Thomas,"' who 
established their existence in a different manner, we call 
them protective normal coot dtnates. 

If instead of starting with a coordinate system x l we had 
used another general coordinate system x n , we should have 
obtained another projective normal coordinate system z n . Then 
in place of (41.1) and by means of (41.1) we have 


(41.12) 


g 


• c fl — / 

£ V 


ide ,l \ 

dz’ 1 

dz J 

dp\ 

11 

^1 

O 

fl 

{ 3 z J 

dp 

dp'j 



where p and p' are projective parameters for the respective 
coordinates z 1 and z'\ and in consequence of (S8.6) we have 



I «/!“ +1 


Between the 2 *s and z '' s we have a relation of the form 

( 41 . 13 ) = a/V 

$p CO 

as follows from (41.12), where 

P 9 Or) 

p r !_ 

Differentiating with respect to p and making use of (41.1) 
we have 

* 1925, 4, p 205 



41. PROJECTIVE NORMAL, COORDINATES 


115 


V 




dp' 

<n> 


3 <fi 

~d? 


■j 


By the method used in (41.10) we find for the larobian of 
the transformation (41.13) 


dz " ! 

— 1 L 

__ S .5T. A 

dzJ ! 

f pn-rl 

a d- ■ I 


Substituting in the preceding equation, we obtain, in const* 
quence of (38.6). 


i 


(*-T ’■ 


AVe must find the solution of this equation >iu*h that 

- ' . ) — a , , consequently we must have (y 1 )/* --- 1. 

.oz'!p 

= a,, where a, are constants. The unique solution 

\o z l l p 

of this equation satisfying these conditions is </>(») — 

Hence we have 

When the coin <1/ nates > ' oj a spare undeigo a tjeneial ft nu>- 
for mat ton, the projectile normal t not il mates at a point P 
associated nith the i’s undergo a Imeai f national ti ansfoi mat ton 


(41. 141 


z J 


1 + a,, z' 


From (41.3) and analogous expressions m the primes and 
from (41.14) we have 


3 x 


a 


3 x J q P J 

and consequently 

(41.15) 


v- (gr), 


— ffj - 




* This result has been established in a different manner by Veblen and 
J . 3f. Thomas, 1925, 4, p. 206. 
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Also from the law of multiplication of jacobians, from equations 
of the form (40.3) for transformations of the form (40.1) 
and from (41.13) we have 





dz n 

ds J 



— (w-J-1) 


Consequently equations (41.15) and (41.16) give the significance 
of the constants in (41.14) and the original transformation 
in the a;’s and a/’s. 

42 . Significance of a projective change of affine 
connection. In consequence of equations (40.2), (40.3) 
and (35.3) we have for any system of projective coordinates 
associated with a coordinate system a* and with _P(o?*) for 
origin 

(42.1) (Cy )p — — (Cy)-P . 

where Cjk are the coefficients of affine connection in these 
projective coordinates. Suppose that the latter are the pro- 
jective normal coordinates z 1 associated with the a*’ s. If we 
introduce homogeneous coordinates, putting 

(42.2) s' = 

equations (41.14) become 

(42.3) T' a = bp z?, 
where 

(42.4) V = «,% K = °' & o = b t = 

If we put 

(42-5) (C*j)jp— — (n-\-\)uj, (C{J)p= — (tt-{-l)«tj, uo=iio—l, 


from equations of the form (35.3) in the *'s and /’s we 
have, in consequence of (41.16) and (42.3), 

Uct Z r UpiP. 

Hence the u’s are transformed contragrediently to the z's, 

"“Here it is understood that greet indices take the values 0, 1, . . n. 
And latin l t ***3 ft . 
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Accordingly if at P we look upon the J’s as homogeneous 
coordinates of a projective space, each choice of an affine 
connection singles out a hyperplane, which justifies the use 
of the term affine. 

In § 37 we saw that among all the spaces with the same 
projective connection there is one for which /V, = 0 in the 
given coordinate system x l . Prom (42.1) and (42.5) it is 
seen that at every point in the coordinate system z' at the 
point associated with the a’s we have Uj — 0 (j = 1, n). 

Consequently in this coordinate system the plane at infinity 
is ~f° — 0. Accordingly at each point the 5~’s are homo- 
geneous cartesian coordinates, defined hy (42.2) m which 
the 2 ’s are cartesian.* 

43. Homogeneous first integrals under a projective 
change. If for a given affine connection /)/. the equations 
of the paths (22.4) admit the homogeneous first integral 




da. >l 
ds 


djf m 

— const. 
ds 


it follows from (32.3) that for a projective change ot con- 
nection defined hy (32.1), the equations (32.21 ot the paths 
admit the first integral 


^ 2 ijJjdxf 


Ur r 


dv l 
d s 


dx m 

ds 


const 


where the integral J >h k dod' is taken along the path 111 question. 

Conversely, if the equations (22.4) of the paths admit 
a first integral 


(43.1) 


J'r^ 


f t ? J 1 1 


(htJ_ 1 
ds 


t/'/ m 


const 


then for the alfine connection defined b\ (32.1). 111 which 
<«•--*) 

* Cf Vi bleu ant] 7 Jf Thomas , 1928 *>, p 29 o 
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the corresponding equations (82.2) admit the first integral 


(43.3) 


«r. 


(iff 

ds 


df’“ 

— ==- = const. 
ds 


When we express the condition that (43.1) be a first integral 
of equations (22.4). we get 


(43.4) 


r„,<n) = 0 . 


where P denotes the sum. of the terms obtained from those 
in parenthesis by cyclic permutation of the indices fcf. § 31 ) 
Hence we have 

*1 netessan/ and sufficient condition that a pi cyect ice change 
of affine connection can be effected so that the corresponding 
equations of the paths shall admit a homor/eneons fit st integral 
oj the mth deg tee is the exist eitte of a symmetric tensor a, i , m 
and a vector *?, such that equations (43.4) are satisfied-, then 
the pi elective change is defined by (32.1) in which fi, = — <p,/2m 
and the first integral is given by (43.3). ' 

When, and only when, gra in (43.1) is a gradient, equation 
(43.1) is of the form (43.3). Hence the results of § 31 may 
be stated as follows- 

A necessaty and sufficient condition that the equations of 
the paths for a given affine connection admit a homogeneous 
/n teg i at of the mth degree is that theie exist a tensoi * « r , r,„ 

and a gradient q>j. such that the coi responding equations (43.4) 
hold ; then the fit sf integial ts 

doP d t , 

C‘ U}, r ; - * — r — — COnst.T 

1 ds ds 


The condition (43.4) is satisfied by the tensoi g,, and the 
vector y, ot a Weyl geometry, as foIloAvs from (30.1). Conse- 
quently the equations ot the paths for the given affine con- 
nection admit the first integral 


2 f «/,«?/•' cl/' 


d.c > 

7 --- const. 

ds 


~ Ct JSisej/hart, 2. p 381, also .T. 31. Thomas, 1926, 7. p 119 

*•' Cf Yeblfiu anil T. Y. Thomas, 1928, 1. p. 583. 
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Fiom (43.2) it follows that for the projective change defined 
by (32.1) in which Vh = — sro/2 the new affine connection 
is such that its equations of the paths admit the first integral 

//1Q -n d i J 

(43 o) q,, —=. - — = const. 

(lb (f b 

If denotes the covariant derivative with le&pect to the 
new connection, from (30.1) we have 

(43.6) q u j + (j,u i!', + <hk ff'j — 2 q,j d’u = 0. 

From these equations we have 

(43.7) q'J q,,j — 2 (n —1) V'/. 
and consequently (43 6) can be written as 

(43.8) 2 in — 1 ) 9v,h -f g m W//. ffiv,7-r 9>h Op<i,j — - *hi '< > <>. 

Conveisely. if the equations of the paths ot an affine 
connection 1'Jk admit a first integral (43.5) and equations 
(43.8) aie satisfied, toi the vector Uq, defined b\ (43 7) 
equations (48.8) reduce to (43 6) and by means ot (32 1 > 
■with ((>, — — 2 d>„ we get (30.1). Hence we ha\ e tin 
following theorem due to J M. Thomas 

A netessai >j and sufficient condition that an ajfine qeomatt q 
u Jio^e [tilths admit a qnadt citic mteqt <d (43.5) hate flu sanu 
paths as a TTe yl geometi <j is that equations (43.8) he satisfied 
on a riant differentiation hemq a tth / aspect to the rjnen com tat tion 
44. Spaces .for which the equations of the paths 
admit «(«-{- l)/2 independent homogeneous linear 
first integrals. In order that the equations (22.4) of the 
paths admit a linear first integral 

(44.1) a, -. - * const.. 

d > 

it is lieccssan that (§ 31) 

(44.2) 

* 1020, 7. 11 122 


a,,j -‘r n ja 


0 . 
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Differentiating covariantly with respect to t 3 *, we have 

(44.3) «/,A + cij,,k = 0. 

If from the sum of this equation and the first of the following 

ak,ij + ij — 0 . cij,u + ai, Jt — 0 

we subtract the second, the resulting equation is reducible 
by means of (6.4), (21.3) and (21.4) to 

(44.4) a>,jh — — ca B{,j . 

The conditions of integrability of these equations are reducible to 


cm (Blj,, — 1)^,0 

(sf Mv — si b]\j + s? A — sf s?; hl ) 

If we put 


(44.5) , 


= 0. 


dLU 

dxJ 


= Oh l'!j + b,j , 


these equations and (44.4), written as 


bij, k CLl JBjc/j , 

constitute a system of equations of the form (8.1) in the 
n quantities a t and the n 2 quantities h tJ . In this case we 
have a system F 0 of n (n + 1)/2 equations b rj -f- bj t = 0 which 
follow from (44.2). Equations (44.5) are the set JFi for this 
case. Hence we can apply the results of § 8 to get the 
conditions to be satisfied, in order that there be one or more 
first integrals. :: When (44.5) are satisfied identically in virtue 
of (44.2), the solution admits n{n-\- 1)/2 arbitrary constants; 
it is this case we consider in what follows. 

From (44.5) we have the following equations of condition: 

(44.6) — £hj,k = 0, 

* Cf Veblen and T. T. Thomas , 1923, 1, pp. 591-699. 
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dr sit,, — di Blj — dl tfi\j + 6l B?,J + Sf ski — Bfu 

—*?ja6u + tiitfj°=o. 

Contracting (44.7) for jj and l, we obtain (cf. § 5; 

(44 8 ) Bk, = — (<J* B A — 6* Bjk + 2&fl a ). 

7 i 1 

Contracting this equation for h and j, we have 

— 1 

Since A/, is the skew-symmetric part of 2 #a ( § 5). it follow s 
from these equations that i8,j = 0, and consequently B tJ 1 -- 
symmetric Hence (44 8) reduce to 

(44.9) Jtj = ~ . (6j l B, u — 3? ) 

/i JL 

When these expressions aie substituted m (44 7). w e find 
that these conditions are satisfied identically. Again when 
they are substituted m (44 6). w e obtain 

(44.10) B,i t i — B,r,i. 0. 

Comparing these results with those ot £ 34, we have 

A necessary and sufficient condition that the equations <>j 
the paths of a space admit homogeneous linear first integial- 
ini oJvtng n(n- |-l)/2 a> hit retry tonstants is that the space be 
projeitivelg fiat and the tcnsoi !>,, be symmeti u . 

In i? 34 it was seen that any such space is determined 
by taking 

(44.11) 7 'Ji, = — (6J /, -j- 6[ 

where is an arbitrary giadient. and that the coordinate 
system y‘ for which the f " s have this fonn is caitesian m 
the corresponding flat space In this coordinate system and 
tor the /’’s given by (44.11) equations (44.2) become 

Ml , 6bj 

o j * 8 / 1 


(44 12) 


■= 0. 
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where 

(44.13) h — a? e 2 ^. 


Equations (44.12> are the form which (44.2) assume m a flat 
space referred to cartesian coordinates. In this case 
equations (44.4) become 


(44.14) 


d a h 


dx> 'doc 1 ' 


- = 0 . 


From (44.12) for i —~j it follows that b, is independent of sd. 
Then from (44.12) and (44.14) it follows that the general 
solution is 

(44.15) bi = c u xJ + d , . 


where c u and d, are constants, subject only to the condition 
that c v is ske w- sy mm etric in the indices. Hence there are 
n(n + 1)/2 arbitrary constants, as desired, and for the given 
space a, are given by (44.13) and (44.15).' 

45. Transformations of the equations of the paths. 
Equations (35.5) may be obtained in another manner. In § 22 
it was shown that the affine parameter of a path is not 
changed by a general transformation of coordinates. Con- 
versely, if we take the equations of the paths in the form (22.4) 
in two coordinate systems x l and x' 1 and assume that s is 
unaltered by the transformation, we obtain (5.6). We wish 
now to consider the more general case when s is not invariant 
under the change of coordinates. To this end we take the 
equations of the paths in the form (7.6), and seek the con- 
ditions which the T’s and T'’s must satisfy in order that 
(7.6) are transformable into 

fix’ 1 ' Irfrx' 1 * j ',,1 dx' r d?'''\ 
df \ dt 2 r* rfi ( ft ' 

fix'P (d^x r</ , rfu' r d jc ,s \ ___ r 

TT \~dW~ + / r s ~dT — T) = 0 
by a change of coordinates. 

*Cf EtsenJtat t, 1926 9, p 336. 
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If we effect the transformation x ,( — \ /•") on 

(45.1) and express the condition that (7.6) be satisfied, we 
obtain 


where 

(45.2) 


/ 9a/ K p 8 jl* \ do 1 tit-* dx J - _ 

\ 8-r* ‘ 8 u jr dt nt u 

f = 8^" K , 8a/-*_ 8£^ _ r , 9a? 

'' 8a^ 8^ 1 Pr d i‘ d./J ,J o ?- 


Since the above conditions must be satisfied for all the paths, 
we must have 


(45.3) 


1*L 

d t L Af J 


9 

A* 

v 

+ 

dx’ a 

8/ 

dx' 

8 %'? 

^JL 

, 

9 r ,K 

8 /' 

T 

9 x J 


Ai 


'Ll 


3 jr'P 

U * ICC 

a x-> * hl 


= o. 


0 Ou K 

Multiplying by and summing for It and «. we obtain in 

8 x' 

consequence of (45.2) 


(M+1K4J 

(45.4) 


9 

/ 9 log A 


d'i ,r 

’ dx J 

\ do 1 

9 jd 

9 r't 

1 9 log A 

1 i./P 

dx' r 

9 ’ 

\ d a J 

~T 1 ('.y 

dx> 



where A is the jacobian 
(45.5) A — 


O X 

~fa T 


When the expressions (45.4) are substituted in (45.3), the 
latter aie satisfied identically. Hence the conditions are 
given by combining (45.2) and (45.4); this gives equations (35.5). 
From (22.2) and (22.3) we have 


(45.6) 


(Jrj 

(7 s x 1 I r> dx J do J ‘ dt~ dx* 

dt- Jk dt dt ~~ ds dt 

"dt 
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for the determination of the affine parameter a of a path. 
By means of (35.5) we obtain from (45.6) and analogous 
equations in the r n s and the affine parameter s 


(45.7) 


clr s' 
dt* 
ds' 
dt 


d-s 

df , 2 

ds n + 1 
dt 

^ n + 1 


( r .o 

V & dx Je 



d log A 
d't 


dy L 

clt 


If the affine parameters s and s' are to be equal, we must have 


(45.8) 


rL 


_ r >/ ■ s log A 

, r 9> 9 x 1 - 


in which case equations (35.5) reduce to equations analogous 
to (5.6), we have seen that equations (45.8) are a consequence 
of these. 

If we consider the most general solution of equations (35.5). 
when the coordinates are not changed but only the affine 
parameter, we have T7]i = 77 J k , which shows the invariant 
character of the 77 ' s under a projective change. 

46 . Collineations in an affinely connected space. 
The results of § 45 may be used to define transformations of 
points of an affinely connected manifold into points of the 
manifold such that paths are transformed into paths. We 
call such transformations collineations The conditions to be 
satisfied by a space in order that it may admit one or more 
collineations arise from equations (35.5) on the assumption 
that eaeh pair of coefficients r] k and rjj c with the same indices 
are the same functions of x l and a" respectively. This is a 
particular, case of the problem considered in § 36 and may 
be handled in that manner. However, if the finite equations 
of the transformation involve r (j> 1 ) parameters and possess 
the group property, the 3 ' define a finite continuous group 
of collineations. In this case the transfoi notations may be 
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considered as generated by r infinitesimal transformations.* 
Accordingly we consider infinitesimal collineations as the 
basis of another method of obtaining affinely connected spaces 
which admit collineations. 

An infinitesimal transformation is defined by 

146.1) r" — <S«. 


where aie functions of the r's and <5 u is an infinitesimal. 
Since by hypothesis the J" s and r ' 7 s with the same indices 
aie the same functions of the r’s and x' 7 s respectively, the 
same is true of the I7’s and II n s. as defined by (35.2), hence 
by Taylor’s expansion we have 

(46.2) + 8 ^j; 


neglecting infinitesimals of the second and higher orders: this 
will be done in what follows. From (46.1) it follows that 
the determinant A of the transformation is given by 


and consequently 
(46.3) 


A = 

9 log A __ 

dx 7 


1 + 


o'S h 

dx ,L 


<5 «. 


d -$>‘ 
dod 1 dx’ 


du . 


When these values are substituted in (35.5), we obtain, on 
neglecting the multipler du. 


2 'CCt 


9 s ? 


(46.4) 


dx 7 dx J 


. Tj a 9?, ‘ 4- //« 0$/ ‘ _L -C7, dJI Z rj 1% d * a 

+ n ‘ ] ~dx J + /ljL 9 + * ~dod r n,J 9^’ 

1 Itr 92 1 ir 98 \ — A 

>z + i \ J dx»dx 7 + ' dx ft dx->) ~ u ' 


Because of (35.2) these equations are equivalent to 


s a r< , 9^ , , « dn 

r l + i j>- —7 ~r $ 


— r. 


A a?' 


(46.5) 


dx’dxJ ‘ ~ ,n dxJ ' J " dx 7 ' ' dx h dsd' 

= SPj + SPj • 

The reader is supposed to be conversant with the Lie theory of 
groups as contained m the treatise of i?e, 1893, 1 or Btanchi , 1918, 1; 
a resume of this theory is given by the author, 1926, 1, pp. 221-227. 
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where by contraction we have 


1 46.6) <pt — n _|_! ( 
Equations (46.5) may 
(46.7) S\,, = 


0 s $ h 


I r h 9 ^ 7 - 
~r •* m • 




da?' doc 1 ' doc 1 

be written in the form 

: BitJK 4- 9> “4 fj' 


dlt\ 

da? 1 1 


Contracting for h and we have 
(46.8) Kjk + (1 + «) SR/* 


In older that the affine parameter s be imaltered by the 
infinitesimal transformation (46.1), it follows from (45.8) and 
(46.3) that sp, as defined by (46.6) are zero. In this case 
equations (46.7) become 
(46.9) $* tV = S'B’U- 


Hence when a set of functions are a solution of (46.9) 
equations (46.1) define an infinitesimal collineation which 
preserves the affine properties of the space, and when they are 
a solution of (46.7), where y, ^ 0, the collineation preserves 
the projective properties. Accordingly we call them infinite- 
simal affine and ineffective collineations respectively. ' 

Consider the case of a protectively flat space and assume 
that the coordinates x' are such that JJju. = 0 (cf. § 39). 
Under these conditions equations (46.4) may be written 


(46.10) 


0 a g g 

dot dx J 


— 


The conditions of integrability of these equations are 


* a d (p? 


da?' 


r + ^4% = 


05P, 


da?' 


docJ 


3? 


9 SPa . 
dx J 


Contractile for « and i, we find that y t is the gradient of 
a function y, that is, y z = Substituting in the preceding 

q 2 

equations, we have — 0 and consequently 

* Cf. Eisenhart and neb elm an, 1927, 2. 
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SP = an fi 1 + (f. 


where the as and d are arbitrary constants. Then from 

(46.10) we have 

= a 7l a A a l + 


where the b's and c’s are arbitrary constants. We recognize 
these expressions as defining the most general infinitesimal 
projective coDineation in a projectively flat space. If, on 
the other hand, we consider equations (46.9) for a flat space 

S* S a 

referred to cartesian coordinates, we have — — ^ — - = 0 and 

dx l dx J 


consequently 




a’ h jc Ji + b ‘ . 


which define the most general infinitesimal affine eollineation. ^ 
Thus as defined affine and projective infinitesimal collineations 
are generalizations of these respective collineations of a flat 
space. 

Suppose that we have a solution of equations (46.7) 
and that the coordinates cr 1 are chosen so that in this 
coordinate system 

(46.11) S 1 = 1 = 0 (« = 2,- 


In this case equations (46.4) reduce to 

(46.12) = 0. 

By means of these equations we shall piove the theorem - 
When an affinely connected space admits an infinitesimal 
projective or affine coll meat/ on. the transformations of the 
finite yroup Gi gene) ated by it are collineations. 

In fact, for the chosen coordinate system the equations ot 
the finite group are 

(46.13) = i x +n, (« = 2.- n). 

* Cf. Lie, 1893, 1, p. 24. 
f Cf Lie, L c., p. 85. 

X 1926, 1, p. 223. 
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where a is a parameter. For this transformation equations 
(35.5) reduce to JTjl — IT}.. In consequence of (46.12) this 
condition is satisfied for a projective collineation. For an 
affine collineation (46.31) we have from (46.5) that JT} e is 
independent of x 1 , so that the theorem follows in this case 
also. Moreover, we have shown incidentally that 

The most general affinely connected mamfold winch admits 
a finite group <?i of affine collineahons ts given by taking 
foi' rj k functions of n — 1 of the coordinates. 

In consequence of (39.5) and (39.6), we have that equations 
(46.12) are equivalent to 


and 


dT} 

dx l 


= 0 


0 i + h) 


3/V* 

dx 1 


2 (Pa 


(i = 1 . 


d r at 

IF = y 


• • . n\ a = l,.-..n, 


where i and a. are not summed. By means of these equations 
we are in a position to choose the coefficients of an 
affine connection so that the manifold shall admit a group G x 
of projective collineations. This result is seen also from (46.5). 

If is a solution of equations (46.7) for a given connected 
manifold, it follows from (46.4) that it defines a collineation 
for every manifold in projective correspondence with the given 
manifold. If the coefficients of any such manifold are given 
by (35.1). we have 

(46.14) Th. = r& + (» + 1) Vic , 

and consequently from (46.6) we have that the functions y, 
in this case are given by 

(46.15) *-*+W-g£+P-§£. 

If we denote by ^77 _the second covariant derivative of 
with respect to the Jr's, we have 
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ie»~ 
* • >J 




d* (?'• - »'fi. -r ?'■ "V. *£•,) 

$ h ( y */', L'-j ) 


In consequence of (32.-1-) these expressions and ("46 15j satisfy 
equations of tlie form (46.7) 

From (46.15) it is seen that the eollineation determined 
by is proicctive toi the connection of coefficients r',. unless 
il>, satisfies the conditions 





5 i 


cl. 


o / 




= 0. 


When the coordinates j 1 are chosen so that £' have the 
values (46.11). these equations become 


The general solution of these equations involves n aibitraiy 
functions of /-. • /" Hence we have 

'When a pio/ettue oi affine <olUneation of an a j finely 
(O)ine(teil mini fold l.noun it is an affine eollineation of 
a sul>-<j} ony of < onnei lions pi ojeitnely i elated to the given 
connection the date/ munition of the suh-group invoices n 
aihitiaiy function > tihose /aiohian is eeio. 

47. Conditions for the existence of infinitesimal 
collineations. If ne make use of the Ricci identities (§ 6j 


- ,/ji- - — 


-// 


— > / , / B'iji. , 


the conditions of mtegrability of equations (46.7) are reducible 
by means of the Biaucln identities ($ 21) to 


1 i>!u 


tf.i Blu 


C h i , 
s , > t! 


. zb 1 ;,, 1 fz j b ! ;„ - 

4" d 1 ', U-I 1 — •! (*/y l. — <n.,y 1 = O. 


Contracting tor h and i and h and A v e have <ct. ^ o\ 
respectively 

(47.2) > / -h £ r h — £ ,/ («t 1) <91/, a 9W* ** 


9 
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(47.3) 


B,j,i + Ba + f, t Bij + (1 — n) <p t ,j 


+ (S — V',j) = () - 


Interchange i and ; in (47.3) and subtract from (47.3) , m 
consequence of § 5 the resulting equations are of the form 
(47.2). From (47.2) and (47.3) we obtain 

(47.4) VtlJ = (t C u . , -f i/,, C a + f, t Crj ) , 

where 

(47.5) Cv = B v + — 

If m (47.1) we substitute for the covariant derivatives of 
their expressions of the form (47.4), the resulting equations 
are reducible by means of (32.10) and the results of § 5 to 


(47.6) ? 


-i 


Tr&^ + s 1 ,* 


Wljr 




w!h + 


J 


ii'/;/. 


•Ji 


J 


w! Jt . 


-- 0. 


The conditions of integrability ot equations (47.4) are ob- 
tained from the identities y, jk — ~ <pi, In con- 

sequence of the results of § 5, they are reducible to 


tf(C v , a — C^j— C lh v.+ Oiv&iU—Cu. Bit) 4 - <C VtJ —C lf ,j) 
+ 4 / (<?„.! — C*,i) + 5 1 ,, (( 'ij,i — Ca,j) + (1 — m> yi, W]jk = 0 . 


Because of the Ricci identities for C IJt u and C,uj, and tlie 
identities (21.4), these equations are equivalent to 


(47.7) 


?<C Vt U — C A Jl) + s/,7. — ^ C,k, /) 


+ § l ,i (C/ h i, — Cth.j) + (1 — n) tp h II r l' jk 


0, 


If equations (47.6) aie differentiated covariantly and use 
is made of the Ricci identities for w!j/ c j r , the resulting 
equations are reducible to 


^ + /. r 1^7. ,7 + $',7. <7,, ~ $*,, W&,, 

( ^7.8) -f ir^.,4- w!‘, tf,, — ir,/., »/«, 

4- ir£* pi + 2 ir**. v, — d'; \vU w = o. 
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Contracting for h and r, we obtain 

(47 9) ** + §l ’ k 

+ §\. TFfo. fc + (2— »)y fc W t % = 0. 

If we put 

(47.10) 6*,, = 
equations (46.7) become 

(47.11) iji,j = $ -f- + d% tpj . 

These two sets of equations and the set (47.4) are of the 
form (8.1) in the functions f 1 , rfr and tp t . By means of (47.11) 
and (21.4) the conditions of integrability of (47.10) are 
satisfied identically. The conditions of integrability of (47.11) 
and (47.4) are given by (47.6) and (47.7) which together 
constitute the set F r of the theorem of § 8. However, when 
n > 2, equations (47.7) and (47.9) are equivalent in consequence 
of (32.16), which may be written 

Wju,i = ~_y (Qkj — CjtX)- 

Hence as observed in § 8 we may apply the theorem to this 
case taking (47.6) as the set F u (47.8) as the set F* and 
so on. Since all of the equations are linear and homogeneous 
in the dependent functions, we have 

necessary and sufficient condition that an affinely connected 
space foy n~>2 admit r Ql 1) infinitesimal projective colhne- 
ations is that theie exist tico positive mtegeis A r and r such 
that the matrices of the equations Ft, • . Fy and Fi, • F^^-i 

are of rank n s -j-2n — r, when r — 1, the solution involves 
a quadrature , when r 'Jr- 1, the general solution is a linear 
function uith constant coefficients of r fundamental sets ofi 
solutions. 

When n — 2, the Weyl tensor vanishes identically, and 
consequently equations (47.6). The above theorem applies 
to this case with the understanding that equations (47.7) 
with wjjk = 0 constitute the set F^, and the other sets are 
derived from this one. 


»* 
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From the form of equations (47.6) and (47.7 ) and the 
results of § 34 we have • 

The maximum number of independent infinitesimal projective 
collmeations which a space can admit is w ! + 2«; this is the 
case when, and only when, the space is projectively fiat. 

The determination of spaces admitting infinitesimal affine 
collmeations reduces to the solution of equations (47.10) and 

(47.11) in which — 0. In this case we have a theorem 
analogous to the first of the above theorems for which the 
sets F x and F % are obtained from (47.1) by putting y* = 0 
and from (47.8) by replacing Wl'ji. by B\ju. Since there are 
n 2 + n functions £ h and vjl in this case, we have * 

The maximum monbei of independent infinitesimal affine 
collmeations winch a space can admit is u s + n, this is the 
case when, and only when, the space is fiat. 

The forms of the solutions £' for projectively flat and flat 
spaces in cai’tesian coordinates have been obtained in § 46. 

A special type of collmeations is that for which the path 
curves of the collmeations. namely the congruence determined 
by are paths of the manifold. In this case the functions 
2P must satisfy the conditions (ef. (7.5)) 

(47.12) £'■ (§ J & £',/.) -=- 0 

In applying the existence theorem we take these conditions 
as the equations F 0 referred to in £ 8. Differentiating (47.12) 
and reducing by means of (46.7), we obtain a new set ot 
conditions which together with (47.1) and (47.4) constitute 
the set F x of equations, and so on. Since the equations 

(47.12) are homogeneous and of third degree, the existence 
theorem assumes the more general form of § 8, and not that 
applying to the cases when all the equations are linear and 
homogeneous. If the coordinates are such that the com- 
ponents 2p are of the form (46.11). equations (47.12) reduce 
to rfi = 0 (« = 2, — . u). Combining this result with 
those of § 46, we have a means of defining the most general 
affine connection admitting a group G t of the type under 
discussion. 
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48. Continuous groups of collineations. If for 
« = 1, • / determine infinitesimal collineations, we call 

X a f === “gTT t ^ ie generators of the collineations. Further- 
more, we denote by (Xa. X^)f the Poisson operator, that i>. 


(48.1) (AY. 



IVe establish the following theorem - 

If Xaf fo> « = 1. . . , 1 me the generate) oj infinitesimal 
toll mentions, so also me (AY, Xfiffoi a, /J = 1, . t (a % ji). 
Consider the case when « = 1, /S = 2. From (48.1) it follows 
that 


where 


(AY 


V.) f — 'n 


<48.2) £ l 


*C^ 

*(1> 


3 5(a> 


3 z,* 


Jt 


S' (2) 


3? ? 


ll) 


dx h 


= 5(1) 5<2),/i — 5(2) 5Y./ t • 


From these expressions and (46.7) we have in consequence 
of the identities (21.3) and (21.4), 

«-/ « c /i «-? «-// I «-7( *-Z 

* J ~ *<2),/> S(2),j “T" *(1) *(2) 

H~ (5a) 5P<2)/f — 5(2) SP(U7>) 5(i> 9 '( 2 >j 5(2) 9a >j . 


If we differentiate these equations covariantly with respect 
to a 7 - and in the reduction make use ot (46.7) and (21.5). we 
obtain 


>,jL — 5 7 ' JBjhh + &J H h “T *V f f'J } 


where 


9 j ~ 5a). j SP( 2 »i — 5(2 ), 2 9(i)7' + 5a) 9U)j,h — 5(2 > 9u>j,/< 


which establishes the theorem. 

Suppose that a given space admits. ; independent infinites- 
imal collineations. From the above theorem and those ot 
§ 47 it follows that 

iX a , Xfif 


'«/ A r f 
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where the t’s are constants. Hence as a consequence of the 
fundamental theorem of the theory of continuous groups" 
we have: 

TT7 ien, and only ivhen, equations (46.7) 01 (46.9) admit > in- 
dependent solutions, the space admits an i pat ametei continuous 
group of projei t/ve o> affine cothneations . t 

49 . Collineations in a Riemannian space. In order 
that an infinitesimal transformation (46.1) in a Riemannian 
space, with fundamental tensor cj,j. be a collmeation, it is 
necessary that 

(49.1) r/j = g v (z rl . o' n ) = fj u + -|^£- S'- 6 u 

and that equations (46.5) be satisfied, when rfi are replaced 
by the Christoff el symbols of the second kind formed with 
respect to g v . The latter conditions reduce, as in § 46, to 


(49.2) + dj *P,i + *P,j . 


where are the components of the curvature tensor and 
g>,i are the components of a gradient , the latter follows from 
(47.2), since S v = 0 for a Riemannian space, in (49.2) co- 
variant differentiation is with respect to the q' s. 

The quantities g' v given by (49.1) are the components in 
the .-r'’s of a tensor whose components g v in the a’s under 
the transformation (46.1) are given by 


(49.3) 
where 

(49.4) luj 


g v = gki 


a x ,k a x l 


9 jd 9 x J 


— 9>J+h‘j 








9 ? 1 


= 5 — = s. tJ + 


dx> 


da' 


i ’5 


and £« = g,j Q. From (49.3) follow equations of the form 



* Lie, 1893, 1, p. 391; also BiancJii 191S 1. p 97 

* Cf. Knebclman , 1927- 4 



49. COXililNEATIONS IN A B.IEMANNIAN SPACE 


135 


where a subscript as in {JJf. indicates the form with respect 

to which the symbol is formed, a l tJ being functions to be 
determined. Multiplying by g lh , summing for l and using the 
expressions (49.3) in the right-hand member of the equation, 
we have 

% = i'j, (ii hl { ^} g +g,d <,) *«, 

where \ij, k]~ are Christoffel symbols of the first kind formed 
with respect to g y . In accordance with the definition of these 
symbols we have from (49.3) 

[tj. k]~ = [tj, k] g + [ij, k\ dn. 

Consequently 

= K O +9u a lr 

'v a 

If we add to this equation the one obtained by interchanging t 
and k, the result may be written 

Ku,j = c Ju < + 9a c iy 

Substituting for h ik ,j the expression from (49.4) and making 
use of (49.2) in the form 

(49.5) ij = JB/njk 4" 9j}> ffih <P,j . 
we obtain 

ffki («v — 8j 9,t — 9,j) + <fri («L — <t> 9,k — $1 9,j ) — 0- 

When we add to this equation the one obtained from it by 
interchanging i and j and subtract the one obtained by 
interchanging j and k, we find that 

<hj = dj SP,t + 4 9,j. 

Consequently we have 

(49.6) { M _== {/ ( + (<?j SP,2+ dl 9,j)du 

L J g Kl J g 

and 

(49.7) Jhj,k = 2 g v 9,k + 9jk 9,t + 9* 9,j 

* JFor another method of obtaining equations (49.3) and (49.7) see 1926, 

1) p* 228. 
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Each solution of (49.5) in which + O determines a group 6?* 
of projective collineations of the Biemannian space. The 
results of § 48 can be applied to this case to determine whether 
a space admits a group 6?*- of projective collineations. From 
(49.5) we have 

Sh., fj -H = 2 g t j, *P 7 J + g jH <P, * 4- <Ju 9\ n - 

From these equations we have: 

JL necessary and sufficient condition that a collzneatzon of 
a. JRlemanman space be affine is that the first covarzant 
derivative of S),,* 4“ *€z 9 n be zero . 

When in particular i 4~ ?»,/# = O, then f tJ = g 7J and the 
collineation is a motion.* 

* 1926, 1, p. 234. 
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50. Covariant pseudonormal to a. hypersurface. 
The vector-field j t( \ Consider a space 1 e i xj)ressed in 

terms of coordinates y c \ A hype? & in' fra e i"- defined bv 

an equation of the toim 

(50.1) yt (z/ 1 . — O 

where is irreducible. It we put 

(50 2) a' =- <p' (y*. - , z/ i_rl ). — = y, 

where the functions y*' are arbiti ary except that the jacobian 
of the + 1 tp~ s is different from zero, then equations (50.2) 
define a cooidinate system jl x ' for which the given T* is the 
hypersurface =-= O. 

For any displacement in T' il at a j>oint I* ot it wet have 


( 50.3 ) fiy" = O. 

and consequently the covariant vector at J P, defined by 


( 50. 4-) 


dtp 3u n - x 

vir air 


is pseudo-orthogonal (§ 11) to every contravariant vector 
tangential to T ~ n at JP. From (50.2) and (50.4) it is evident 
that the vector is independent of the choice of the 

functions y>* in (50.2). We call it the cova want jiseitclo- 
noi nxctZ to V n . 

* In this and the following: sections greet indices take the valuer 
1 ... n + 1 and latin 1 , , n. 
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"We define also a contra variant vector v a by the equations 


(50.5) 


v a 


dx n + l ' 


As thus defined v a are the components of the vector tangential 
to the curves of parameter that is, the curves along 

•which all the a?’s except x n+1 are constant; we call them 
transversals of the hypersurface. Evidently v a depends upon 
the choice o£ the functions y* in (50.2). From (50.4) and (50.5) 
we have 

(50.6) Va v a = 1 
and 

(50.7) >"-££- - 0. 

If we change the curves of parameter we get a new 

vector of the type v a . Calling it v a , we must have 


(50.8) 


v a a 1 


dy° 
dx' ' 


if we require that v a v a = 1. 

Suppose that -we have a set of functions ip a {y 1 , ■ , y n+x ) 

such that yj«-^ r = l, that is, tp a v K = l. If we put v* = 

the condition (50.6) is satisfied. Moreover, if for the func- 
tions $p* of (50.2) we take n independent solutions of the 
equations 


(50.9) 



flytl+l 

lpn+1 


9 


then m the coordinates ocT- the integral curves of (50.9) are 
the curves of parameter a JI + 1 . Thus for a given congruence v* 
not tangential to V„ we can define a coordinate system x* 
satisfying the requirements of this section. 

When equations ("50.2) are solved for the y’s, we have 


(50.10) 


y K = /“(/•*, , x’ 1 - 1 ) 
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or, as expansions in powers of a* 1 '* 1 , 

(50.11) y“ = fZ (r\ . • ■ , a n ) -\-f (r 1 . . • , sr n ) -f - . . 
Consequently V n is defined by the parametric equations 

( 50 . 1 2 ) f — f\,\ . *»). 

and at points of T n the expressions for v" m tne a/s aie 

(50.13) (v‘% A\' x , • /"). 

If in (50.11) we put 

/ // /t 1 777 . f I 

r = / . i = z jP(x , • .. a; ). 

then the curves of parameter a?' w ~ 1 are the same as tho^e 
ot parameter but in place of (50.13) we have 

<V")o - r' n )F. 

Thus we see m what manner the coordinate a 11+1 mat be 
changed, if the vector v c ' at points of V n is not to change 
in direction. 

In order to consider the effect ot a change of the veetoi- 
field we consider a transformation ot coordinates of the form 

,< -f ijj\ (,». . /f)^ 1 

(50.14) + (a? 1 . • • • . x 11 ) ( a. Jl+1 ) 2 + • • • • 

/•'" 1 --- + V"2 t1 "(» 1 , • -. J w )(^ +1 ) a + • . 

that is, a transformation Mich that in the two coordinate 
systems the space T» is defined by x n+1 — a'" 1 = 0, and 
u" ---x at each point ot T«. From (50.5) it follows that 
m the x's the components ot the field v a are 

(50.15) v' --- 0. v n ‘ 1 — ■ 1. 

From (50.14) and (50.15) we have that the components of 
this field in the x ' s are 
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(50.16) 




f 71-^1 


. / 

'2 & 

. n-rl 


H-2 ^2 ' + 


It follows at once that the curves of parameter u, n ~'~ x and 
of parameter it'"' 1 " 1 have the same directions at each point 
of V„, when, and only when, 


(50.17 ) 


«/»' (x 1 , - • - , x n ) 


0 


( t ~ — 1 , - • , w ) . 


If we denote by y° a general coordinate system, we have 
from (50.14) 

Ml ML (si 

dx‘ dj/ J \ 3 a? / 

i.»Tl 


_} (JLL {jpu+rvs 4_ \ 


(50.18) 9 35 

•„- 8 -Ct = f ■ «■ + 2 <fii ** »+■■■) 

c J. ' x - J 


O X 


+ T^TT (1 + 2 ip**- x x»+ x + . ) . 
9 x 

The result(50.17) follows also from the last of these expressions. 
Also we have 


3a 

Ty“ 


1 sss ±l j .U + 1A^x + ..) 

:c di/‘ \ J 1 dxJ ' I 


(50.19) 


8 x 




3 xJ 


3 j4*+l 

‘ 3 ?/“ 


3^< 


3^ 


-(</•' + 2 if.>\ r’H-i _j_ . . \ 


+ - (1 +2<//*+ 1 cr*+i-f- .. .). 

Fi*om equations (50-18) and (50.19) we have that at points of Y n 


(50.20) 


3 r 


djf dlf* 

da? 

3 x- n 

~d IF = 


ft * 


_ML = _ML^_l._ML_ 

9 r >J 9 y»n> 


3j’ ? . 


3^ 3y e 




3 z 


m4-l 


32^ 


8 z,” M 

' 3^ 
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Also from (50.18) we have that at points of V„ 
9*1/” __ 9 s y* 


do? 9 x J 


9 /" da' 


d 8 ?/” 8 2 If c: d - >r 

(P.(\ <0 1 ^ — - — - i — / u,K 

t&o- ) dx t d x n-t- 1 d y , d y »-fl da n d f ' L ' 1 

g y« Q lp{ 

^ dx J dV l ' 

If we write the last of equations (50.18) in the form 


(50.22) 


77 (*pi 2 i/'l> / J '~‘ 


then at points of Y n 

A?* #Jt. 


4- (1-4-2 tp» 


n - 7-1 „ t 

t n 1 


(50.23) = -4-J/ V'? -J- — 

9 a* J 9 a"* oa*' 1 da' 0 


9 ?/ r 9 t l'i , 8 i* f 


51. Transversals of a hypersurface which are 
paths of the enveloping space. We consider the trail- 
formation of coordinates in the space V n +i defined b\ 


(51.1) 


/o ri -f JT Z^ 1 - (r&otffS </"“V 


jr ( zOo// 1 - 


where /if and. /i“ are functions of a' 1 . . /" are the 

coefficients of the affine connection in the y’s m Y n _i. ,i r 
are defined by (22.8). and the zero subscript indicates that 
in these functions ?/ have been replaced by jo. From the 
considerations of § 22 it follows that these expressions satisfy 
formally the equations 

aV* , = (> 

(da;"* 1 / * da'^ 1 dj^ 1 

Hence when constant values are given to /\ - 
equations (51.1) define a path ot Y tl - t . the parameter being 
sr" l+1 . The hypersiuface x n+1 — 0 is defined by 
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(51.2) y a =/o“(*'\ 

and the tangent vector v K at a point of this hypersurface 
to the path of the above set through the point has the 
components 

(51.3) (Oo — fi(pc' x , • • ,*'”)• 

When we effect upon the a/’s a transformation of the 
form (50 14) in whieh ip{ — 0, we get (50.11), in which the 
functions / 0 “ and f“ are of the same form as in ('51.1). 
Moreover, equations (51.2) and (51.3) are the same as (50.12) 
and (50.18) respectively. In what follows we shall use the 
equations in the form of § 50, when we are considering 
relations between the y’s and as’s, and the same notation 
with primes when the coordinates x‘ a are under consideration. 
Thus in place of (50.2) we have 


(51.4) 


x 


fi 


= 9 


rt 


(y\ 


»fi. 

y ), 


fit- T"1 / / 1 

x = g> (y, ■■■,& ). 


In particular, we remark that y' = 0 is the equation of the 
hypersurface V n . From the last of (50.14) it is seen that 
y' = yFiy 1 , — , y n+1 ), where F is of such a form that 
F= 1 when y = 0. 

Differentiating the last of the equations (51.4) with, respect 
to a /nH_I , we have 


(51.5) 


8gp' 


= 1. 


where, in consequence of (51.1) 


(51.6) = fi—(r^ r ) 0 f/f/ j' n+1 + . 

Differentiating (51.5) with respect to x' nJrl 7 we have at points 
Of Vn 

(51.7) {v >a v’* = 0. 

Again differentiating (51.5) with respect to x' 1 , we have 


(51.8) 


/.,« 3»y' 8y/* \ 

\ df f dy? d7'’)o\dy a d T ’’]o 
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Proceeding in like manner with the last of equations (50.2), 
we have 


(51.9) 


9 2 SP 9 yP \ . / 8 go 8 v“ \ 

9 9^ 8a* /o + Ilf?/ 7 If a*' /o = 


Since at points of V n (v c ') Q — (v p ) 0 and 



[cf. (50.20)], we have from the equations (51.5) and 


8( p = i 8 sp ay* = ft 9y* _ n 

9^ ’ dy a dx 1 ' dy“ Qx' 1 ~ 

that ( ~j^r ) 0 = ( ) 0 ‘ Consequently from (51.8) and (51.9), 

we have at points of 

(51.10) Sp\«/0 = 0 . 


From this result and (50.3) it follows that 

(51.11) (l' a )o(s P,ccfi — 9>',ajs)o = O'/Oo/, 
where, m consequence of (51.7) and (50.6) 

(51.12) J?/f ( 90^)0 — /• 

An application of these results is made in § 56. 

52 . Tensors in a hypersurface derived from tensors 
in the enveloping space. Let £« and 2 C be the components 
in the y’s and x’s of a eovariant vector-field in TVh» then 


(52.1) 

2 $ d V° 

A ~ dx* 

and 


(52.2) 

3 L _ * 9y“ _ 

An K — 0 a:»+l — 


At points of V n (sc n+1 — 0 ) the functions S a are expressible 
as functions of x 1 , • - • , x 3 *, and for each value of « the 
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d 1 / 

quantities ' , are the components of a eovanant vector 

in r„. Hence given by (52.1) .ire tlie components of a co- 
vaiiaut vector m 1 «. which we say is derived from the given 
vector in V n ii. In particular, the vector <f , wliere <j> is 
an aibitrary function ot the y't>, is the most geneial eovanant 
vectoi whose derived veetoi m T', t is a zeio vectoi. Also 
we have at once that all vectors ot the pencil +p*v have 
the same denved vector m T whatever be q . 

In like mannei, it riu L v r are the r omponents m the t/\ 
of a tensor m T» j. then 

_ . ,, , o if ' o n r 

1 o'2.o) b ti , r — n c r - - - • - 

e / 1 a t ' 


evaluated at points ot Y n are the components of a tensor 

in l'„ dei ner! from the given tensor in F yi j. From (52.1) 

and (52.3) it is evident that the tensor m Y„ derived trom 

a covariant tensor in the enveloping 1',, , is independent ot 

the choice of the vector v a . This is readilv seen also bv 

• * 

observing that the quantities b, t , r possess tensor character 
under transformations of the torm (50.14) whatever be the 
functions i}< i, as follows trom (50.20). The same is true tor 
the general transfoimations 

(52 4) r"'- 1 ), > n ~' 1 = ," lTl P(;' 1 . . 


where F and its first derivatives are finite for = 0. 

Let ? f ' and ?. a be the components in the y's and .c’s ot 
a contra variant vector-field in V n -n ; then we have 


(52.5) 

and 

(52.6) 


2' = 


*“ 32 /' 


;»-vi _ 


I 'cc . 


At points of Y n the functions are expressible as functions 

d 3? 

ot and for each value of « the quantities _ -■ 

0?/“ 
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for i = 1 , - * • , n are components of a contra variant vector 
in V n under transformations of the form 

(52.7) x’ = ip z (a?' 1 . • .,y*), a"* 1 = 


We say, that A’ defined by (52.5) is the vector in V n derived 
from the given vector in 

A contravariant vector in V n is necessarily one in 7Vf-i. 
As a vector in T n -ri the vector defined in V„ by (52.5) has 
the components 

(52.8) V = A 8 ” 1 0. 

9 yr 


Accordingly it follows from (52.6) that when a contravariant 
vector in F„-j-i is tangential to Y„., it is identical with the 
derived vector in F n . If it is not tangential to Y n and we 
denote by the components in the ij s of the vector (52.8), 
we have 


(52.9) £“ 
where 




dJ:> *Ll£L 

? dyp dY 




(52.10) 


= d C r 


Following' Schonten we say that the derived vector of 
a contravariant vector is the tangential < omjjonent m Y„ of 
the given vector. From the form of (52.9) and (52.1*0) it 
follows that unless the given vector is tangential to T*. its 
tangential component depends upon the choice ot the vector v fi . 

This may be seen also* from (52.5) Fm ~j, being the 

o if 

3 if' r } f 

cofactor of — — m the determinant J = divided bv A 

3 >' o /' 

it evidently depends upon rt'. 

When in (52.5) we repace by v r we find that the derived 

vector is a zero vector, and y* v° is the only vector possessing 

this property. Consequently, when a vector r‘ lias been 

chosen, in the system so defined its tangential component 

*1924. 1, p 134 

10 
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being zero, this vector is analogous to the normal vector to 
a hypersurface in a Riemannian Space m the sense that the 
tangential component is zero. This fact has led certain writers 
to lefer to v a as a pseudonormal. * We do not use this term 
for a general choice of r“, because in a Riemannian geometry 
it would be confusing (cf. § 56). 

In like manner, if a * 1 are the components in the y ' s 

of a tensor in I»+i, the quantities 


rss.ii) 




Ct. 

a 1 




a JC^ 


9as >r 

3 y ar ’ 


evaluated at points of V n , are components of a tensor in V n 
under transformations of the type (52.7), that is, general 
transformations in V n but which in V n+1 do not change the 
vector v a . We call this tensor the derived tensor in V n . The 
tensor in Y n ^i with the components 6* 1 ' r and b° l " r — 0, 
when one or more of the er’s is »+l, is called by Schouten 
the tangential component with respect to Y n . If a" 1 " r are 
its components in the y' s, we have 


(52.12) a"' te ” = a?' * . . . B a /, 

Pi Pr 

wheie the it’s are defined as in (52.10). 

Since a covariant vector in V n is equivalent to the bundle 
of contravanant vectors in V n pseudobrthogonal to it (§ 11), 
it is evident that a covariant vector in V n is not one in an 
enveloping V n +i. If -?-« are the components in the x’s of 
a co variant vector in Y n 4-i f the vector of components 

(52.13) — 1), === 0 

is equivalent to the bundle of contravanant vectors deter- 
mined by v tt and the contravanant vectors in Y n pseudo- 
orthogonal to the derived vector of X n in V n . In this sense 
the derived vector is the tangential component of the vector 
* Cf. TI ~eyl, 1922, 6, p. 154 and Schouten, 1924, 1, p. 134 



52 TENSORS IN A HYPERSURFACE 147 

(52.13). If arc the components of the given vector m 
the 2/’s, the components of (52.13) in the y’s are 




Bi. 


In general, the derived tensor in V n of a tensor rt Vi „ r in V n ~i 
is the tangential component of the tensor 


(52.14) 


a 




«r 


a 


A- 



Again if ap 1 are the components in the ys of a mixed 
tensor m V n ! j, the quantities 


(52.15) 



C'. ( v OX 1 

"A A 


8?/ A 

8 2/“ r 8 a? 71 



evaluated at points of V n are the components of a tensor 
under general transformations (52.7) and we call it the tensor 
derived from the given tensor in V n+1 . This derived tensor 
is the tangential component of the tensor whose components 
in the y’s are 


(52.16) 


A A 



A 

A Y\ 


13?' 

Tr A 



We call each of the tensors defined by (52.12), (52.14) and 
(52.16) the associate of the given tensor with respect to 1’,. 
From (52.10), (50.8), (50.6) and (50.7) we have 


(52.17) 


8 x 1 8 x l 

" ~w ~ W 7 ’ 

,S' SJJt = d J£L 

dX* djr' ’ 


JB& 

3$ 


d x Jl +- 1 

dy* 

dx nJrl 


= 0, 


= O. 


Because of these identities we have from (52.15) 


&;* 

*1 


A A 


dx't 


8x J ‘ 


ia* 


(52.181 
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Similar results follow from (52.3) and (52.11). Hence we have* 
The derived tensors in Y n of a given tensor in V u +i and 
of its associate with respect to V H are equivalent. 

53* Symmetric connection induced in a hypersurface 
If I'py and rp r are the coefficients of a symmetric connection 
in a Fn+i in coordinates x a and y a respectively, we have 
from equations of the form (5.6) 


(53.1) 


Jk 


= ( 

\ 9 t j 3 a J ‘ 


d s f , dyd 8 yr\ da* 

* fi“)T o J rs I n _ ju. * 


dcr J d ) d y u 


At points of Y n (x"^ 1 — 0) the values of r], L depend upon 
the choice of the vector v (C as is evident from (53.1). However 
if are the coefficients for Y n +i in the a/’s defined by 
(52. 7\ from equations analogous to (53.1) we obtain 


(53.2) 


ri. 


( 8 " y , r ,i 3r' ? dx' 9 

\di>dx J - V,J 3 x J dx * 


r) 


dx 1 

dx' 1 


Consequently and J'jL are the coefficients of the same 
connection in V n , we call it the connection induced m V n by 
that in Fn-j-i for a given thoice of the vector v n . This qualifi- 
cation is seen to be necessary from (53.2), for, in case of 
transformations of the type (52.4) there are in the last member 

of (53.2) the added terms r'f+ x - 8x l ... 

*' da* da J - dx' n:i 

For an asymmetric connection in Y n _ 1} equations (53.1) 
hold and the skew-symmetric part of the induced connection 
is given by 


(53.3) 


o> o'; %V r dx 1 

,fir dx> 3 af dy« ’ 


that is, the tensor iijt. of the induced connection is the 
derived tensor of the tensor &i*j r of the connection in V,,-, i 
Consider, in particular, the case when the affine connection 
in V u -i is that of a Kiemanman space, determined by the 

In § 56 we obtain the relations between tlie coefficients of two 
induced connections for different choices of * r 
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fundamental tensor of components a u p and g a p in the y s 
and j/s respectively. Then we have 


(53.4) 


dy a dy? 

a *lZri£ 


ffjh • 


From these equations we have* at points of V n f 1 — 0) 


(53.5) 


dyfi / djif djf jh) [a I dyff djT\ 

dxh \ 3 x 7 d orJ dx h \ij) g \ftv\ a da ? dx J } 


I ct \ 

where \ f are formed with respect to the fundamental form 
7 * v) a 

\h\ 

cut/s n V n+ i and \ \ with respect to the fundamental form g tJ 

y g 

in V n . From equations of the form (5.6) we have 


3V , J « I dtp l yf_ = r h dy“ , f a+x dy“ 

dx l dx J da? dx J >J dx h v dx n ~ x ' 


Substituting in the preceding equations, we obtain 

+ = 0. 


In order that JT, 


v 


, it is necessary and sufficient that 

qkn+i — 0 or rlj =0. In the former case the curves of 
parameter a? l+1 meet V n orthogonally. In the latter ease 
we have 


9 V 


da? dx J 


JAl djf_ , J « | dff* djf __ 
90* V**^a So 1 dx J 


0 


from which it follows that V n is a totally- geodesic hyper- 
surface of Vn+i.t Hence we have 

A necessary and sufficient condition that the coefficients of 
the induced connection in a hypersurface of a space with 
a JRiemannian connection he the Chi is toff el symbols of the 
second hind formed with respect to the derived fundamental 

* Ct, 1926, 1, p. 147 

t Cf., 1926, 1, equations (43 4) p 147 and (54.1) p. 183. 
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tensor is that the vector v a he orthogonal to the hypersurface, 
ot that the latter he totaUy-geodesic. 

We indicate by one or more subscripts preceded by a semi- 
colon eovariant differentiation witli respect to the induced 
connection. 

Prom the definition (§ 52) of the associate of a given tensor 
in F„+-i with respect to V n it follows that the components in 
the ie’s of the associate tensor for which one or more of the 
indices are n-\- 1 are zero. Consequently from the general 
law of components of a tensor in two coordinate systems we 
have from (52.18) 


(53.6) b ' 1 
J 1 


*r 

J.d- 


—°1 ct r doji dj / 1 


9jA dyf 
8x J ’ 9^ ' 


Hence we have* 

The first covariant derivative in a hyper surf ace of the denied 
tensor of a given tensor m the enveloping space V n ±i is the 
derived tensor of the covariant derivative in V n+ \ of the 
associate of the given tensor inth respect to the hyper surf am. 

It should be remarked that although the derived tensor ot 
a covariant tensor is independent of the choice of v“, its 
covariant derivative in the hypersurface as a derived tensor 
does depend upon v a 

Equations (53.6) do not hold for derivatives of higher order. 

However, the second covariant derivative ot b ? ' '/ is the 

*'1 

derived tensor of (try By continuing this piocess 

we obtain derivatives of any order (cf. § 54). 

54 . Fundamental derived tensors in a hypersurface. 
We denote by or tJ the tensor in V n derived from the tensor 
m that is. 


(54.1) 


or 


U V c% jj 


djf 
8 x l 


dyf 

8 x J ' 


From the form of these expressions it is evident that this 
tensor is independent of the choice ot v‘\ In the > s the 
components of the vector v, are 
" Ct Rtliouien 1924. 1 p 137 
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(54.2) 


v % — 0, v n +i = 1, 


as follows from (50 4) Consequently in the a-’s equations 
(54.1) are 

(54.3) «> u = — i'“ +1 . 


Evidently oi tJ is symmetric. 

For a given choice of v° we have the tensor v\p and the 
vector v a ,p vc We denote by tj and l, the component^ of 
their derived tensors in T», that is, 


(54.4) 
and 

(54.5) 


« dj/_ 

V ,/S dy c 9 


l, 


a « dy 1 

V ,pv a — 


8a T 


In the ex' s the components of the vector v a aie given by 
(50.15) and consequently m the j’s we have 


(54.6) lj I n+lj 

and 

(54.7) h = n+L. 


Because of (50.6) equations (54.5) can be written as 

9 ii& 

(54.8) h = — v C ’,p vC ’-q~T' 


With the aid of the tensor oa,j we are able to expiess the 
co valiant derivative of a derived tensor in terms of the denied 
tensor of the covariant derivative of the given tensoi and 
other derived tensors Thus if b,j are the component'' of the 
derived tensor of a'cj, we have from (53.6) 


_ zW Syr dyo' dt f 

K — iftafi iv -g^T 5 ,A 


With the aid of (52.17) we obtain 


9 h 1 9 yP 


oy ,T 



152 


IV. THE GEOMETRY OF SUB-SPACES 


55. The generalized equations of Gauss and Codazzi. 
If rpy and Tp r are the coefficients of an affine connection 
in a V„+i in coordinates a?* and y a respectively, we have 
from (5.6) 


(55.1) 


9 2 y“ , frc ?y r _ rP 

da? d x J d x l 8x J 1J 9 aV* * 


At points of the V n (x n+1 — 0) these equations can be written, 
in consequence of (54.3), in the form 


(55.2) 


y a ,v + r$r 


dyj 8jr_ 
da? dx J 


— * ,<x . 


the first term being the second covariant derivative of 
with respect to the induced connection in V„. 

When in equations (55.1) we replace t by n + 1, we have 


dv a 

dx J 




,P d V r _ 


dx-> 


n+l; 


dy a 

dx? ' 


At points of V n these equations become, in consequence 
(54.6) and (54.7), 


(55.3) 


9v g 
9 a:-' 




jt = d v a 
dx J J 


dx 1 


+ ljr“. 


We desire to find the conditions which the tensors co Vi 
lj and l t must satisfy in order that equations (55.2) and (55.3) 
be consistent. The conditions of integrability of (55.2) are 
of the form [cf. (6.4)] 


(55.4) 


cc a 

y ,*jk y ,zkj 


_ 92/° 


dx” 


bT 


ijki 


where -B?]h is the curvature tensor of V n formed with respect 
to rjk. 

When the expressions (55.2) are substituted in (55,4), the 
resulting equations are reducible by means of (55.2) and (55.3) to 


(55.5) dx™ 2Jk — M 


dj£ d_yr_ djf_ 
da? dx J dx? 


(tOjjc — a> 7J Vk') 


V“ (cOij'k dfjjc-J + <*>ij Ifc — <*>ik lj ) , 


*y a 

dx m 
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where B l p r $ is the curvature tensor of V n ^ in the g's evaluated 

at points of T r n . If these equations be multiplied by — — — 

and by v ct and a be summed, we have respectively, in con- 
sequence of (50.3), (50.6) and (50 7), 

/- - 3 ^ dy r dy 6 d-i 3 ' , , 7 . -j, 

<oo.6) B vk — B> rd — — J~F + h — ft . 

(55.7) ova — W /Aj == B]s r s r C{ + o> lL 7, — «„ l L . 

The conditions of mtegrabihty of (55.3) are [of. (6.3)] 

a r 

V , n — v = 0 . 

Substituting from (55 3) m these equations and proceeding 
as above, we obtain 


(55.8) t. , - 1; , + A /; -!,/;+ v / -§£ -f £ f o . 

(55.9) /, J — (y J + fj otjn — f[ o) h j + Ji ( L s v ( , v* 3 °f -~^-r = 0. 

' y o * r* r * 


Equations (55.2) and (55.3) are generalizations of well-known 
equations m the theoiy of surfaces in euclidean space.' and 
ot equations m a general Biemannian space t c» v being the 
components ot the second fundamental tensor and r c ‘ the unit 
vector normal to V n . In these oases the piocesses followed 
above lead to the Gauss and Codazzi equations. Equations 
(55.7) and (55.8) are equivalent m these cases and (55.9) are 
satisfied identically. 

Accordingly we call (55.6) the gene) alt zed equation* of Gauss 
and (55.7) and (55.8) the genet ahzed equations of Codaszt.% 

* 1909, 1, p. 154 

1 1926, 1, pp. 147, 148. 

+ Of. Schonten 1924, 1, p 140 



154 


IV. THE GEOMETRY OF SUB-SPACES 


From the equations of Gauss it is seen that the curvature 
tensor of the induced connection is not ordinarily the derived 
tensor of the curvature tensor of the enveloping- space. 
When equations (55.6) are contracted for h and t, we obtain 

(55.10) B]jk — — v a Ij — °>>j ?fe . 


By means of (55.9) and the theorem of § 5 these equations 
are equivalent to 


(55.11) 


Bjjk 


£ dajA dyfj 3 y'* . 8 l, 3 7k 

Qyr Q y$ ) 0 X J d X?* 3 Op d 0C J ’ 


When the connection is asymmetric, the results of the 
preceding sections are essentially unaltered and the corre- 
sponding equations are obtained on replacing rji by L)k, then 
the tensor a> v is not symmetric in t and 7 . The generalized 
equations of Gauss for this case are obtained from (55.6) on 
replacing B’yk and Bjj r # by Zy-fc and Lp yS . In the right-hand 
member of (55.7) there is the added term — 2 S} } J k , and in 
the left-hand members of ( 55 . 8 ) and (55.9) the added terms 
2 S2tj tk and 2 fa respectively. 

56. Contravariant pseudonormal. We consider the 
effect upon the coefficients of the induced linear collection 
and upon the derived tensors If and h of a change in the 
vectors v a at points of V n , and to this end make use of the 
transformation (50.14). For the coordinate system x" the 
coefficients of the induced connection 111 V n are given by 


(56.1) r £ 


9 s VfL j_ pu 3y£ 3 yr_\ 3.r /? 

dx ,J dz ,h 1 * e 3 x’ J dct' L ) Zy a ■ 


In consequence of (50.20) and (50.21), it follows from the 
above equations, (53.1) and (54.3) that at points of Y n 


(56.2) rjl = r;,. — o> Jk u >[ . 

It B'ijk denote the components of the curvature tensoi in rjl 
we have 
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(56.3) ~^ 1jk f w v* *• to-iKj ~b V'i ( w iA. «o 

+ “i; — w iJ. . 


««.-)] 


From (50.22) and (50.23) we have at points of Y n 




3 X-* 


= * ,fi- 


3 x J 


djf d_yj 

da? 3 x J 


(56.4) 


_ /_? VL i lr“ 

\ 3 as* 3 x-> + ** r 8 x l dx- 1 }^ 1 


= * .J» 


8 a:' 




In consequence of these equations, (50.20) and the definition 

(54.4) of the tensor l) we have 

(56.5) Z'j = tj — x P\,j + ((/ 4- V'i) • 


Since at points of V n , as follows from (50.20), we 

have in like manner from (54.5) 

(56 6) l\ = + co v xpi. 


It is readily found that equations (55 6), (55.7). (55.8) and 
(55.9) and similar ones for the induced connection rj‘ are 
consistent in view of the above lelations. 

As an immediate consequence of (56.6) we have* 

When the determinant | ai 7J \ is not zeio. a i eitoi -field v v at 
points of Y n is uniquely dete) mined iiith lespect to tchich the 
lector 1 1 is zei o.^ 

Also we have 

When the determinant j « y is of i anh n — i 0 >0), a lectoi- 
field v a at points of T", t mth i espect to uhuh the tectoi l, >s 
zeio cannot he obtained unless the matin 

| «11 * 01 lll 1 1 

I 

‘l . . 

| l 

|| M/il • • w ».i In 1 

* Thio theoiem is due to Sch oaten. 1924 1, p 143 
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is of rank n — ? ; tn tins case the determination of t ,u iniohes 
r arbitrary functions. 

It is seen from (54.8) that the vector h vanishes at all 
points of V n , when, and only when. 

(56.7) v» v« t/ s = fvp 

at points of V n , where f is a function of the y s which may 
be zero. These equations are, in consequence of (50.4) 

(56.8) v“sp,«/* = f9,p> 
from which it follows that 

V a vP SP, a/J — f. 

If the determinant , <p, a p | is of rank w + 1, by a suitable 
choice of f a unique vector v a is given by (56.8) so that 

v a ~~ — 1. If we retain this field at points of V„, and 

O X 

apply the method of § 51 to obtain a coordinate system a' Ci 
so that the curves of parameter x' n+1 are paths, whose 
tangents at points of V n have the direction of v“, it follows 
from (51.11) and (51.12) that v a <p'ap — 0. This is a general- 
ization of the situation in a Riemannian space when a family 
of hypersurfaces ip = const, are geodesically parallel, the 
function ip being chosen so that* 

cfP tf, jCC Xp'ft = 1 . 

From this we have g a P ip , « ip, p r — 0. Hence the vector v a 
in this ease is the normal to the hypersurface. Accordingly 
when there is a field satisfying the conditions of the first 
theorem, we say that the vectors v a are the contrav an ant 
pseudonormals to the hypersurface. 

When for a given choice of the field v a the vector l x is 
a gradient, and we put 

, _ 8 log 6 8 log 6 dyf 

dec 1 0 7 /“ 8®* ’ 

*1926, 1, p 57. 
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we have from (54.5) at points of F n 


(0O,,j>v 


M 


= o. 


Hence, if m accordance with the results of § 50 we take the 
field 8 v c ' at points of T„, the corresponding vector h is zero. 
Accordingly we have- 

When for a given choice of the field v a , the vector l t is 
a gradient . there eaists a function 8 such that for the field 8 v a 
the vector h is zero. 

Thus the case where h is zeio is equivalent to that where 
it is a gradient so far as the direction of the field v a goes. 

If in (56.6) are chosen so that V, — 0, from (55.11) 
we have 


BZu = B\j K 


H , 
8 ^ 


dh, 

dx J 


a r 8 8 x J dx^’ 


Consequently if B l ' c , r s — 0, we have B'fjk ~ 0. Conversely, 
if B\jk = Bafy = 0, it follows from (55.11) that h is a 
gradient. Hence we have 

When foi cm affinely connected space B%p r = 0, a necessary 
and sufficient condition that the directions of a vector-field v" 
at points of a hypei surface he such that l , he a zero vector is 
that the corresponding tensor B)ji c he zero. 4 

When equations (55.3) are written in the form 


tt 


3 y_ 

8 x J 


f djf 

J dcd 


+ h 


the quantities on the left are the components of the associate 
direction of the vector v u for a displacement in the direction 
of a curve of parameter x J in V n . Hence we have 

When a hypersurface admits a contravanant pseudonormal, 
the associate direction of tins normal m the enveloping space 
for any displacement in the hypersurface is tangential to the 
hypersurface. 

* This theorem has been established by Schouten , 1924, 1, p- 142 
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This property of the contravariant pseudonormal is possessed 
also by the normal to a hypersurface in a Riemannian space,* 
which justifies further the term pseudonormal. 

57. Fundamental equations when the determinant » 
is not zero. In this section we consider the case when the 
determinant «» is not zero at all points of V n and we under- 
stand that the unique vector v a has been chosen for which 
l t = 0. In this case a tensor.^ is defined by the equations 

(57.1) (f J o>jk — 4. 

We assume that the determinant 


(57.2) 






is not zero.t Then it follows from (57.1) that the determinant 
\gv | is not zero, and a tensor g tJ is uniquely defined by the 
equations 

(57.3) g,j g jk = d) , g* g Jh = 6%. 

From these equations and (57.1) we have 

(57.4) 

If we put 

(57.5) 


w ij ■ — fj>ii (f • 

/) 'Y'J 

n <* = +VnV ‘ > * 


it is evident from the form of these expressions that ci a p are 
the components in the y’s of a tensor in Y n+1 . From (57.5) 
we have, in consequence of (50.4), (50.6) and (50.7), 


(57.6) 


"a? 


dx l 9 r J 


— Out 


(57.7) 




djf 

dr 1 


v? 


rit'P v“ 


9 yl_ 

dx l 


= 0 


* 1926, 1, p. 148 

r This is an additional assumption. For it follows from (56 5) that 
for a transformation (50.14) preserving >■“ (i. e., f \ =0) 1} are unaltered 



and 
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(tap V a vt* = 1 . 

From these equations it is seen that for the determinants 


(57.9) 
we have 

(57.10) 


a 


a 


(tap ' , 

dy 1 

darj 


9 = \9>j\ 


= 9- 


Consequently 0 in the case under consideration. Accordingly 

a tensor a a P is defined by 

(57.11) n a p ft — 8 r a, a p a = 

As a consequence of (57.7), (57.8), (50.3) and (50 6) we have 

(57.12) n„pv a — a p a v e — vp. 

Moreover from (57.11) and (57.12) we have 

(57.13) v a — vp rtP a = vprf'i*. 


These equations are a generalization of the equations of 
a Riemannian space connecting the contravariant and covariant 
components of the normal to V n . 

It equations (55.6) are multiplied by g r h and summed for h. 
we obtain, m consequence of (57.12), 

— 9 9 if 1 

(5 *.14) Bu/h ^ - —jr “f" &>rj °*ih &>rh 

where we have put 

(5*.lo) B, U K (Jilt BijLi : ttccG 


In the present case equations (55.7) become 


O) 


fj 


/«. &hh / 




3 1} 


3 if 
5 r> : ' 


(57.16) 
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If we substitute in these equations the expressions (57.4; 
for oo, Js we have that equations (55.8) are equivalent to 


(57.17) 


,r } r Jit' dj/^ 

h 9tr\J l K q x j 


= He.jSyv 


9 



the last expression being a consequence of (57.6), (57.7) and 
(57.13). To these equations must be added (55.9) which 
reduce to 

(57.18) r?" (&>/,, ohi — « f; ) + Ih'frd -|^r = 0. 


In a Riennmnian space 1 for which is the fundamental 
tensor, it and g,, are symmetric. Also g tJi /„ == 0 and B a p r $ 
is skew-symmetric in u and /3. Consequently m this case 
equations (57.17) and (57.18) are satisfied identically and 
(57.14) and (57.16) assume the form of the Gauss and Codazzi 
equations.' 

58. Parallelism and associate directions in a hyper- 
surface. L,et s- be the components 111 the .r's of a field of 
vectors in and the components in the y's of this vector- 
field in TVri- Then we have 


(58.1) 




S »/*' 
da' ’ 


If we differentiate these equations with respect to .w, we 
hare, in consequence of (55.2). 


(58.2) 




— jJ 


At points of a curve C in l'„. whose coordinates are expressed 
in terms of a parameter t. we have 


(58.3> 


* ,* 


rfjjt* 

fit 


j: 


ft /_> 
tit 


9 //' 
3 /' 


— »// A* 


ft r> 

~<l i 


v 1 ' . 


* 1926, 1, p. 149 
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These equations may be written in the form 


(58.4) 


— My X> 


■where y (c and /<' are respectively associate directions (§ 16) 
oi the vector in V n +i and V„ with respect to C. 

If the vectors are parallel in r n41 with respect to C. 
f = fit) (cf. § 7) and from (58.4) and (58.1) it follows that 


(58.5) ft 1 — f(t) X 1 , = 0. 

Hence we have: 

When a family of contt a variant vectors in a hype) surface 
are parallel in the envelopmq space ivith ? aspect to a ciuie, 
they are pa> allel m the hypersio face icith i aspect to the ciu ie. 
for eiety choice of the vector v a . 

From (58.4) and (58.5) it follows that a necessary and 
sufficient condition that a family of vectors in T' n at points 
of a curve C be parallel in ivith respect to C. when they 
are not parallel in V„+i , is that there exist a function fit) 
such that 

(58.6) r —fit) = — « v v * 

djj 

Conversely, if a vector field X* is such that « v —yy = 0 

and (58.6) hold along a curve, it follows from (58.1), (58.3). 
(58.4) and (58.6) that 



1 9?/° j 

Since the rank of the matrix ; - ■ is n. we have that 

I 9 x? I 

the vectors of the field are parallel in V n with respect to 
the curve. 

Two hypersurfaces l r « and T» are said to he tangent along 
a curve C, if they have the same covariant pseudononnal 
(§ &0) at points of C. Since the components of the pseudo- 
normal are determined only to within a factor, there is no 


n 
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loss of generality in assuming that a> tJ and v a are the same 
for V n and V n at points of C. Hence from the above results 
we have: 

When two hypersurfaces are tangent along a curve, contra - 
variant vectors parallel in one with respect to the curve are 
parallel in the other* 

59. Curvature of a curve in a hypersurface. When 
in equations (58.3) we take for 'i a the tangent vector to C, 

flu* 

that is, '§ ce = -/ ■— , these equations become 
a t 


d 2 y u , fra dy? dyf 
dt 3 + ?r dt dt 

I d 2 x l . r , do dxf \ dyf_ dof dx J 

\ dt 2 ,L dt dt / dec 1 W,J dt dt 


From these equations and (7.6) we have. 

When a path of a space lies in a hypersurface, it is a path 
of the latter, for an arbitrary choice of v a , and it is a _ curve 
foi which 

(59.2) o»,j do?- dcc J = 0. 


This is a corollary of the first theorem of § 58. 

If C is not a path, we choose for the parameter an affine 
parameter s of the path tangent to C at a point JP. Then 
at P we have 


(59.3) 



where are the components of the first curvature vector 
of C at P for V n+ i (§ 24), 


(59.4) 
and 

(59.5) 


_ 1 _ 

B 



d.x } ‘dx J 

7 J 

ds ds 

d*x l , dx J dod* 

ds i jL ds ds 


#*'• 


* Cf. 1926, 1, p. 75. 



60 ASYMPTOTIC LINES 


163 


The vector is m the pencil determined by the tangent to 
C and its first curvature vector in V n . If it is tangent to 
C, then C is a path in V n and v<* is a vector of the pencil 
determined by this tangent and the first curvature vector in 
T «+i* 

When v ct is the contravariant pseudonormal to V n (§ 56), 
we call 1/jR the normal curvature of the curve, and the 
relative cunature vector- of the curve m Y n . If a a p y a and 
ftppYfiff are not zero (§ 57), we put 

(59.6) a u p if V 1 * — a a plj a ~ijP — 

and call 1 /q the first cunatuie of C in T-Vh and ljq r the 
i elative can attire of C in V n , as in the ease of- a Riem anni an 
space. * 

6o. Asymptotic lines, conjugate directions and lines 
of curvature of a hypersurface. The associate covanant 
vector m a space Y n -t i (§ 16) of the pseudonormal v a of 
a V u with respect to a curve C of Y n is given by 

dyd _ 

V(, ,d —JJ- — l l “’ 

From these equations and (54.1) we have 

JL necessary and sufficient condition that the associate co- 
t, a riant vector of the ccn art ant pseudonormal to a hypersurf ace 
until respect to a curie of the lattei he pseudoorthogonal to the 
cm ce at a point is that the direction of the curve satisfy the 
condition 

(60.1) u>,jdj‘dx J = 0. 

As this is a property ot asymptotic directions of a hyper- 
surface of a Riemannian space, f we call the directions defined 
py ■ (60.1) the asymptotic directions. A curve whose direction 
at every point is asymptotic we call an asymptotic line We 

* Cf. 1926, l, p. 151. 
f 1926, 1, p. 157 


u* 
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note that asymptotic lines and asymptotic directions are 
independent of the choice of the vector v a * 

From (59.1) and (59.3) we have the theorems* 

When an asymptotic hne is a path of the hypersmface, it 
is a path of the enveloping space and conversely. 

The first curvatw e vector, tn a space, of a cui ve in a hyper- 
siirface ts tangential to the hypersurface at a point, when, and 
only when, the direction of the carve at the point is asymptotic 
If C is a path of V n and s is an affine parameter in Y n 
for the path, equations (59.1) become 


d*y a 

ds* 


+ *1r 


clyf_ 

ds 


dyr 

ds 


■ OJ 


u 


dor 1 

ds 


ds 


v 


v 


Hence we have: 

A path of a hypersurface in an asymptotic direction at 
a point has contact of the second or higher o) cler at the point 
with the path of the enveloping space through the point in 
this direction. 

As in Biemannian geometry, we say that two directions 
at a point of a hypersurface are conjugate, if 


u>,j dec? 8x J = 0. 


Thus asymptotic directions are self-conjugate. From § 58 
we have: 

In order that a family of vectors at points of a curve of 
a hypersurface he parallel hoth with •> aspect to the hypersurface 
and the enveloping space, it is necessary that the dt lection of 
the vectors he conjugate to the curve. 

If. whenever possible, the vector v a is chosen in such a 
manner that the vector l , is zero, we have along any curve C, 
in consequence of (55.3) 


(60.2) 


.a dy& d r-> 

dt J 0r* dt 


The left-hand member of this equation is the associate direction 
in Tji+i of the vector r c: with respect to the curve. In order 

* CL Schott ten. 1924. 1, p. 148. 
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that this direction may coincide with the tangent to the 
curve, we must have 


8y cc __ 1 dy a 

J dx‘ clt $ dt ' 


Since the rank of the matrix 

are equivalent to 

(60.3) (?£ — <£) 


: 

dx z ! 


in n, 


dx J 

IT 


= 0 . 


these 


equations 


Conversely for each root of the determinant equation 


(60.4) \q?j— dj| = 0 

a direction is determined for which the associate direction 
of v a in T n-f-i coincides with this direction. When in particular 
the conditions of § 56 are satisfied, v a is the contravariant 
pseudonormal and the curves of Y n defined by (60.3) are 
an evident generalization of the lines of curvature in a 
Riemannian space.* Accordingly we call the curves defined 
by (60.3) the hues of curvature of Y n . 

If the roots of (60.4) are real and distinct, there are n 
uniquely determined families of real lines of curvature. If 
q is a real root of order », it is possible to find r linearly 
independent families of lines of curvature corresponding to 
this root; moreover, any family of curves linearly dependent 
upon these families also satisfies (60.3). 

Each choice of a vector v* determines a tensor I) and con- 
sequently leads to equations of the form (60.3). However, 
if l t + 0, the associate direction of the vector v* satisfies the 

cl oo 1 * 

above condition only in case h — 6, as follows from 

(55.3). We reserve the term lines of curvature for the case 
when h — O.t 

If equations (60.3) are multiplied by gin (cf. § 57) and 
summed for i, we have from (57.4) 

*1926, 1, p. 157. 
t Cf. Schouten, 1924, 1, p. 148. 
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(60.5) Q — 9hj) = 0. 

If as in § 59 we use for parameter an affine parameter s 
of tie path tangent to a line of curvature at a point and 

put gjk — —j — = 9, then q = R<p. A discussion of 

equations (60.5) can he made similar to that of the corre- 
sponding equations for a hypersurface of a Riemannian space.* 
In particular, if and 2*\ are the directions defined by (60.5) 
for two distinct roots of (60.4), we have 

Qx J 2*1 2.% = 0 w i J Ai 2*2 = 0 . 

From the second of these equations it follows that the two 
directions are conjugate. 

6i. Projectively fiat spaces for which By is sym- 
metric. Consider for a space V n with a symmetric con- 
nection the system of equations 

( 61 . 1 ) @,tj dyO . 

The conditions of integrability (6.4) of these equations are 
reducible by means (61.1) to 

(.Byk "f" Oik &k a,j) 6 == 0 . 

In order that equations (61.1) be completely integrable, and 
consequently that the general solution admit n -\- 1 arbitrary 
constants, it is neeessary that 

£?ijk-\-$j &ik — $k dy = 0, (Lij,k — <h,h,j — 0. 

Contracting the first for Ji and k, we have 

(61.2) « v = -B lJ} 
so that the above conditions are 

(61.3) + n _j_ 1 (SjBxk — dk B v ) = 0, B v , B tK ,j = 0 
» Cf. 1926, 1, p. 153. 
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Hence V n is a protectively flat space (§ 34) and B v is symmetric 
as follows from (61.1), (61.2) and (6.3). 

Since eacli solution of (61.1) is determined bv initial values 
BO ** 

of 6 and there exist n+l solutions for 

whieh the determinant 


(61.4) 


j 8 ft 1 

I 


| 9/ 1 


do l 


dx n 


e 1 


9 0"+! 
~d~r’ 1 ' 


0 n +i 


is not identically zero and the matrix of the first n columns 
is of rank n. Hence the jacobian of the equations 

(61.5) y a — e^”" 1 " 1 6 a (x 1 , • , x n ) (« = 1, , w + 1) 


is not zero, and these equations define a transformation of 
coordinates m a space T-Vh- We define a connection for this 
Fn+i in the coordinates bj^ taking for /)*,(*, j, k — 1 . • . n) 
the expressions for these functions for the given T«. and in 
addition 

(61.6) /£ +1 = — ±- - JS W , («,/?= 1, • • , n + 1 ) . 


If />“ denote the coefficients of the connection m the ?/'s, 
it follows from the equations 


9 2 , pru gyg dy v _ _,a 9 2 /“ 

dxfidxr dx? dxr ft dxf 1 

(«, ft, y, p, v — 1, • -,M + 1) 


and from (61.1), (61.2) and (61.5) that 


r« 8 ^“ 8 2/ y 
^ 8a;/* dxr 


= 0. 


Consequently JH£ V = 0 and V n -±i is a euclidean, or flat space. 
From the definition of the affine connection in V n +i it follows 
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that the induced connection in the hypersurface a^ 1 = 0 
is that of the given space F». Hence we have: 

A ‘protectively flat space of n dim elisions far which B,j is 
symmetric can be immersed in aflat space of n + 1 dimensions . * 
In order to investigate the situation more fully, we observe 
that by suitable linear combinations, with real coefficients, 
of the 0’s the fundamental form of T»+i is reducible to 
Z e «(dy c O 2 , where the e’s are plus or minus one. If we 

ft 

denote by a a p the coefficients of this foi m in the a,’s, we have 


(61.7) 


f hj 




9 0“ 
9x* 


Cl,n- t-1 — 0“ 


On — j— l n-j - 1 e 


9 0 “ 
dx J ’ 

■ n+l Z<^r. 


9 0 “ 
9 a- 7 


If we put 

(61.8) Ze«(d“) s = 22, 

ft 

the successive covariant derivatives of this equation are 
reducible by means of (61.1) and (61.2) to 


Ze« e a e“, t = l, t , 


(61.9) 


2 X 


n 


+ = x,„. 

i ft 


From the results of § 53 it follows that the coefficients of 
the induced connection in the hypersurface x w ~ rl = 0 are the 
Christoffel symbols of the second kind formed with respect to 

9u = Ze a e‘\ t 6 a ,j 

C£ 

only in case 1 = 0, that is, when A is a constant. Jn 
this case we have 

r> 1 — n 

= 2jL~ 

and consequently the hypersurface is of constant Riemannian 
curvature .t 

* Eisenhart, 1926, 9, p 338. 
f 1926, 1, pp. 135, 203. 
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Consider now any hypersurface of a flat space V n +i for 
which the coordinates, y* are cartesian and the fundamental 
form is ^ e« (.dy") 2 , the equation of the hypersurface being 

CC 

(61.10) F(y\ 2 /-+ 1 ) = 0. 

This equation may be replaced by 

(61.11) == (a: 1 , -}^ n ) 


where the functions 0 a are arbitrary, except that (61.10) is 
satisfied and the jacobian of any n of them is not zero. 
When, and only when, the function F is not homogeneous 
in the y' s, the determinant A defined by <61.4) is different 
from zero; that is, when the hypersurface is not a hypercone 
with vertex at the origin, or a hyperplane through the origin. 
Consequently, with these exceptions, the functions 6 a can be 
chosen so that equations (61.5) define a transformation of 
coordinates in F n +i such that cc n+1 — 0 is the equation of 
the given hypersurface. The coefficients of the induced con- 
nection in the given hypersurface are given by 


(61.12) 


r? 


Jk 


= J * l 

a 


where the latter are defined with respect to the a’s given 
by (61.7). Since the Christoffel symbols formed with respect 
to the y ' s are zero, we have 


(61.13) 


) a \ 9 2 yf__ fix'* 

}0r<a dxP dx? 


From these equations and (61.12) we have 


ie ,~ -.x r h Jw + ll „ 

(61.14) dafdxJ tJ \ ij 

which reduce to the form (61.1) because of (61.5). 
sequently 

B.j = C« — 1) , 

1 v 1 & 


Con- 
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and for the induced connection the hypersurface is protect- 
ively flat. Also from (61.5) it follows that 


ty c ’ 

dx n+1 


= !/“. 


by means of which and (61.14) we get the equations (61.6). 

Returning to the consideration of the cases excepted above, 
we see that by a suitable change of origin of the y’s, the 
hypersurfaces excepted for one coordinate system are not 
excepted for another. Hence we have 

The vecto) -field v p caii he chosen at points of any liype) - 
surface of a fat space so that for the induced connection the 
hypersurface ts projectzoely flat. 

6 2 . Covariant pseudonormals to a sub-space. When 
a space V m is referred to coordinates y a , a sub-space, or 
sub-variety, Y n is defined by 

(62.1) 9 e (y l , • , y m ) = 0 (<r = w-f- 1, • • •, m). 

If we put 

(62.2) x z — <p l (y x , •**, y m ), 


where the functions f are arbitrary except that the jacobian 
of the m gp’s is different from zero, equations (62.2) define 
a coordinate system for which the given T, 4 is defined by the 
equations sc c = 0 (a = n + 1, • • ., m). 

Any displacement in Y n satisfies the conditions 


(62.3) 


3 y a 


dy a = 0, 


and consequently the covariant vectors vf in V m defined by 


(62.4) 


ym = l2l _ Iff 

“ 3 SC 9 y° 


* In this and the following sections latin indices take the values 1, , n, 

letters at the beginning of the greet alphabet values 1, m and those, 
at the end n + 1, * * -, m. 
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are pseudoorthogonal at any point of V u to any displacement 
in the latter. We call them cavaaant pseudonm mals to Y n ; 
evidently any linear combination of them is the most general 
co variant pseudonormal to Y, t . 

If we put 


(62.5) 


v 1 ’ 


3 j a 


v ( ‘ aV for a given value of a , at any point are the components 
of the contravariant vector tangential to the curve of para- 
meter of at the point, that is, the curve along which all the 
re’s but oc? are constant. As thus defined the functions vf 
depend upon the choice of the functions f in (62.2), whereas 
do not. From (62.4) and (62.5) we have 


(62.6) 

and 


j/ti _ jjr 

" 17 


«T) P 

3j ! 


v \v 'a ,f 0 


(62.7) 

When equations (62.2) are solved for the y\. we have 


(62.8) if = f p (>\ •• <-**) 

or as power series m r n+1 , > m 


(62.9) if = /“Or 1 . • , ./”) +f' (x l . • •• j u ) - . 

Consequently Y n is defined by the parametric equations 


(62.10) xf = /“Or 1 , . -. ./•") 
and at points of Y n 

(62.11) --**)• 

63. Derived tensors in a sub-space. Induced affine 
connection. For a tensor in T* ?il the quantities given by 
(52.3), (52.11) and (52.15), where greek indices take the 
values 1, • - m, evaluated at points of Y n define a derived 
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tensor m T». In particular, the derived vector of any co- 
variant pseudonormal is zero, and the derived vector of 
any v“ c) is zero. 

If we put 


(63.1) 
we have 

B a p 


a (a) 

~ >’«0 Vp . 

h *w 

= 

dx’ 
dyt* ’ 

/>« 3 J ,T 
** 8 y“ 0 ' 

b; 

p 8x l 

= 

3 if 

8 y f * 

T>r dyt 

"d r\ r w • 

CJ T 


Hence with this interpretation of Bp equations (52.12), (52.14) 
and (52.16) define tensors in V m , associate to the given tensors, 
such that in the a 's any component involving one or more 
indices m+1, •• , m is zei'o and the other components are 
those of the derived tensor. Furthermore, the last theorem 
of § 52 holds for a V n in a 

If I py and I'py are the coefficients of an affine connection 
m V m m the ^’s and ys respectively, we have equations of 
the form (53.1 j. If T'py are the coefficients in coordinates 
./ where 

= 'P l C* 1 - •••, > M ), J ,a = 

then equations (53.2) hold, and thus the quantities l'j k and 
Jjl evaluated at points of V n are the coefficients of the same 
connection, which we say is induced m V„. From the form 
of equations (53.1) it is seen that this induced connection 
varies with the choice of the vectors vfo. In what follows 
we indicate by a semi-colon followed by indices covariant 
differentation with respect to the induced connection. We 
remark that for a V„ in a V m there is a theorem similar 
to the last of § 53. 

64. Fundamental derived tensors in a sub-space. 

^(<0 ^ ejl0 * e tensor in V n derived from the tensor 

i'k in 7 m , that is, 
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Q) fJ 


v (ff \ d Jtl Qy 1 * 

a ' fi dor' dx J * 


(64.1) 

In the xs the components of the vectors v,V and t“ G) aie 

(64.2) vT = <?;* . = d%, 


as follow from (62.4) and (62.5). Consequently in the a/s 
equations (64. 1 j are 

(64.3) o>i? = —r;% 


We denote by ll a)J the tensors in T« derived from 
v%s ) x p and in T», that is, 


(64.4) 
and 
(64 5) 




cf d x l d y? 

Vw ’P~d y lT Sj-J 


? (.T) 

• la>t — 


J'w /i Vc 


r) 9 ^ 


doc' 


In the a*’s the components of these tensors are 
(64.6) l[ a)j = 1%, t&, = 1%. 


In consequence of (62.6) we have from (64 5) 


(64.7) 


& -- - 


( t ) rc 


luL 

a ** * 


The geometrical significance of these tensors is pointed out 
in the next section. 

In order to study the effect of a change of the vector's 
V(«>, we consider a transformation of coordinates of the form 

(64.8) a" = .r' + If > G orf, = .»«, 

where the *p’s are functions of a* 1 , — . r n . At points of Vi, 
we have 



174 


IV. THE GEOMETRY OF SUB-SPACES 


dy a 3^ 9 aft* dy“ 


By“ _ 


dx* 

dy“ 


Qsc'P dx 1 


(64.9) 


daf 


d.x‘ 


dx 

/G 


+ 

dx n ^ a 

dx ff 


da tft 
92/° 


9*2^ 


dy“ 

8*y“ ; 

da? dot? 


dy a ' 

9 2 y“ 

3 aft 3 aft 


9 a/ 3a>> 


3 a;' 1 ’ 

9** . dx 
9 2^ 3y“ ’ 

. gV 


a aft 9 aft ’ 


V4 + 


8 3 2 /“ j 9y" 9^ 


3 a/* 3 a/ ff 


3 aft dx 1 


From the fourth of these equations we have that *4 (o) = v ( u, 
that is, the covariant pseudonormals are unaltered. The 
second and last sets of these equations are reducible by means 
of the others to 


(64.10) 

and 


v %) = J/ (“) + ~7T 


3 a/ 


dv% 8n ff ) 


sY 


Vi- 


dy a BtffJ 
dxJ dx * 


0a/* 3a? 1 da?dx J 

From these two sets of equations, (64.9) and (53.1) wfe have 


,a 9 yP 
V(a) > P T77T 


9r 


(64.11) 


a 

dyP 

_ / d- 

y* i 

dyP 

dyr \ ,J 

v tf),p 

dor 1 

\ 9 a/ 

dx-> 1 & 

dx % 

dxJ/^C 



dy a 

9 n 





dx J 

dx 1 



v cc 

1 «*),/? 

dyP 

da? 

lOJ 

T €F,t 

dx j ^ 

% 

V 

?*»• 


If we define and by equations analogous to (64.4) 
and (64.5), we have 


(64.12) l f'<t ,j ~f" tyo 4^ > > + *P(> M J/c 

(64.13) I'fJi, = ify/ -f- rpa MjV . 


There is also another element of indeterminateness due to 
the fact that the covariant pseudonormals are not uniquely 
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determined. In fact, the sub-space defined by (62.1) is like- 
wise defined by the equations ip = 0, where = A% y r , 
the A’s being arbitrary functions of the y’s subject to the 
condition that the determinant |A?| is not zero as a con- 
sequence of (62.1). From the above we have 


-«r) 

V«,/} — 


<f> C ,ctp - 4 r v a!p + v'a A*, a V™ + At, 


ct/SSP 


From these equations and (64.1) we have at points of Y„ 
(64.14) 7o$ = At 


where now A% may be interpreted as arbitrary functions of 
as 1 , •••, x n such ‘that the determinant |A?| is not zero. An 
application of the foregoing results will be made in the next 
section. 

65. Generalized equations of Gauss and Codazzi. 

At points of a sub-space V n of a Y m as defined in § 62, 
equations (55.1) may be written by means of (64.8) 


(65.1) 


re 

y 


u 4- 1 py 


9 if 

ds 1 


dyr 


(<T) « 

*'(<*) ■ 


When in equations (55.1) we replace j by a, the resulting 
equations may be written 


9*&> 

9 T l 


4" i ,iy v «n 


dyr 

dx l 


jA dj£ 
at dx& ’ 


and at points of 
of (64.6), 

( 65 . 2 ) iA"- 


V n these equations become, m consequence 


9sr* 


r' C6 

1 ^ V( - a '> 


dyr_ 

dor 1 


— U.a'it 


dj£ 

dx J 


7 (D a 


With the aid of the identities (55.4) for the present case, 
we obtain as the conditions of integrability of equations (65.1) 
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,-fJi i ,./?> ft \ r>« IVL 

(-Dy* + i kcyi- “*a> 9 x i 

I « / (<r) (<r) I (f) /«n (T) 7 «r) •, 

+ P(<r) («y,A. ‘"tA,,./ “T ft, y A*U — «?& At)./) 


a^ 

dx J dork 
= 0 . 


9 x A 

If these equations are multiplied by ^ and by v%> and 
a is summed, we have the respective equations 


(65.3) 


(65.4) wy'i — w\ 1\j = 


(ft) 


_ IvL 


B’U = B 


fir* 9 


SC* 


ay“ 


■m,j ~r 0, itc k<r)j . 


D« a 2/^ _.<**> .,(T) j«T) , __(T) jr(<7 ) 

£>Hy5 ®</ Ar)/. -f- o>ffc At)/. 


In like manner we find that the conditions of integrability 
of (65.2) are 


(65.5) 


Jt 7 h I 7 (t> V) 7 (t) Vi 

"T" *(< 7 )./ HTI 2 


+ B %yS v t) 


dyT_ 
3 a* 


djf dock 
d x J d y“ 


0 , 




— ® 


* 4" 4-). $ 


'I (T) 

■(< 7)7 


(65.6) 


+ B% rS v? v\ 


(at 


dyr_ 

dr' 


djf _ 


docJ 


These equations are evident genei'alizations of equations 
obtained by Voss and Ricci for a sub-space of a general 
Riemannian space*. 

From (65.3) we have on contracting for h and 1 


S* 


(S. 


r* 




ltd 


d x J d xk 


ft ,«0 Jh _ 4 _ m («r) jh 

w h) \ o)lc w- i,i.- A, 


Me ’ 


which is reducible by means of (65.6) to 


(65.7) 


5>, 




v °y _U/^ 


UK!) 

l (ft)h;j- 


From (64.13) it is seen that if the determinant of any one 
of the sets of functions ufty is different from. zero, or can be 
* 1926 , 1 , p. 163 . 
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made such, by (64.1*4), the functions , and consequently the 
vectors *•&>, can be chosen so that the sums #£* are zero. 
Consequently we have from (65.7) 

In general the vectors can be chosen so that when the 
tensor Bap tn the enveloping space is symmetric, the tensor By 
of the induced connection in the sub-space also is symmetric. * 

It is an algebraic problem to determine by means of 
equations (64.14) whether m — n independent covar ian t pseudo- 
normals can be chosen so that all of the determinants . <o^ 
are different from zero. When this condition is satisfied. 
m — n independent vectors v“ a) can be determined by (64.13). 
so that I'tfij — 0, where a is not summed. In this case, as 
follows from (65.2), the associate direction in V m of each 
vector v’^ for a displacement m V n dees not have a component 
m the direction (cf. § 56). As this is a property of the 
normals to a sub-space of a Riemannian space,t we say that 
the corresponding vectors are control anant pseudonormals 
to the sub-space. The process of determining these pseudo- 
normals is not unique since each choice of covariant pseudo- 
normals satisfying the desired conditions yields a set of 
contra variant pseudonormals. 

When the connection is asymmetric (ct. § 55). the equations 
analogous to (65.3), (65.4), (66.5) and (65.6) are obtained 
from the lattei* on replacing B l !j/, and Bp r p by iJiji and I l p r s ■ 
subtracting the term 2 Hjl from the right-hand member of 
(65.4). and adding the respective terms 2 lly and 2 ffu 
to the left-hand members of (65.5) and (65.6). 

66. Parallelism in a sub-space. Curvature of 
a curve in a sub-space. The results of §§ 58. 59 can 
be geneialized to the case ot a general sub-space. In place 
ot (58.3) we have 


((56.1 ) 


•c" , tl vL 

* dt 


A 


ij 


d t > 
dt 


n >• 


O) 


to) 

'/ 


j: 


d i J 

dt 


t ' 

(T j+ 


- 1 Cf Schouteu, 1924, 1, p 162 
t 1926, 1, p 161 equations (47.9) 
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Consequent! j we have 

When n family of contt atai unit vectors of a sub-space aie 
2 pmatlel in the enieloptw; space with i esjiect to a curve, they 
are pmallel in the sub-space foi eienj choice of the vectors v* ff) 
In particular we have 

When a jmth of a space lies in a sub-space , tt is a path 
of the sub-S2Jnte. foi & ei y (hone of the re< tots K<t)> 
a ciote foi irhich 

off d (l /•! -=. 0 (a •= n -(- 1 , • , m). 

From tins theoiem we have also 

A necessrn y and sufficient condition that eieiy path of 
a sub-sjiace be a path of the em eloping space is that 


&/'*) = 0 
v 


These sub-spaces are the analogues of to tally-geo clesic sub- 
spaces of a Kiemannian space. 1 


When m (66.1) we replace by 


dif 
d t 


we have the 


equation obtained from (59.1) on replacing the last term 

dx‘ dx J „ dx' d x ‘ . ,, 

-jt ~rr~* Consequently off — — -- is the 

at at ,J dt dt 


by or v > v 


(O v c- 
U W 


component of the curvature of the curve in the direction v c f y 


de 1 

If we multiply (65.2) by — — 

, (f r 


for a curve, we have 


v 


C o)\ (i 


'«>* 


dt 


3 y l ‘ 

b j ‘ 


/ lTJ j 

‘l<r ' 


rl>* 

'dt 


Hence 1(a) 


dot' 

~dt 


are the tangential components of the associate 


• * ci OC? 

direction of the vector v 1 ' for the curve and Vfl , — are 

fail ( j t 

the components m the directions 

67. Projective change of induced connection. In 
order to determine the effect upon the induced connection of 


* 1926, 1, p 184 
f Of, U'eyL 1922, 6 p 156. 
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a. projective change of connection in the enveloping space, 
replace r^ r in (53.1) expressions of the form (32.1) and. 
understand that ct, j8, y take the values 1, - - . ?n . From the 

resulting equations and (53.1) we have 

(67.1) rj c = rx + <PK + <51 Vj , 

where 

*/ = 

ipp being the vector in determining the projective change. 
Hence we have * 

ItVhen the connection of a spctee undergoes a projective 
change, the same is true of the induced connection of a sub- 
space , and the vector detei mining the lattei is the derived 
vector of that determining the foymei 

From (67.2) it is evident that m — n independent vectors 
pec exist such that there is no change m the induced connection. 
If we take x/.Uc = rf fT) ,cc where <r is not summed, then 

cpj = 1 % ^ (cf § 65). Consequently when the vectors can 

be chosen so that l{a]j = O (a not summed), there is no 
projective change in the induced connection. 
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